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Abstract 

Considering random noise in finite dimensional parameterized families of diffeo- 
morphisms of a compact finite dimensional boundaryless manifold M, we show the 
existence of time averages for almost every orbit of each point of M, imposing mild 
conditions on the families; see section ITU Moreover these averages are given by a 
finite number of physical absolutely continuous stationary probability measures. 

We use this result to deduce that situations with infinitely many sinks and 
Henon-like attractors are not stable under random perturbations, e.g., Newhouse's 
and Colli's phenomena in the generic unfolding of a quadratic homoclinic tangency 
by a one-parameter family of diffeomorphisms. 

Key-words: random perturbations, time averages, physical probabilities, homoclinic 
bifurcations. 

Resume 

On considere bruit aleatoire dans des families parametrizes de dimension finite 
de diffeomorphismes d'une variete compacte M, de dimension finite et sans bord, 
et montre l'existence de moyennes temporelles assymptotiques pour presque toute 
orbite de chaque point de M, en imposant des conditions pas tres forts sur les 
families; v. section I2TH 

Cettes moyennes sont definies par un nombre finite de mesures de probability 
stationnaires physiques et absolument continues. 

On utilise ce resultat pour deduire que les situations de coexistence d'une in- 
finite de puis et d'attracteures de type Henon ne sont pas stables par perturba- 
tions aleatoires, e.g., les phenomenes de Newhouse et Colli dans le dedoublement 
generique d'une tangence homoclinique quadratique par une famille de diffeomor- 
phismes a un parametre. 

Mots-cles: perturbations aleatoires, moyennes temporelles, probabilites physiques, 
bifurcations homocliniques. 
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1 Introduction 



Newhouse proved in [NTJ|N2l|N3] that many surface diffeomorphisms have infinitely many 



attracting periodic orbits (sinks), a serious blow to early hopes that generic systems might 
have only finitely many attractors. Indeed, see |N3j and also |PTj . arbitrarily close to any 
C 2 diffeomorphism on a surface M with a homoclinic tangency there exist open subsets 
of Diff 2 (M) whose generic elements have infinitely many sinks or sources. 

This result was extended to arbitrary dimensions by Palis- Viana in |PVj . see also |Roj 
and |GST| . Diffeomorphisms with infinitely many coexisting hyperbolic attractors were 
constructed by Gambaudo-Tresser in |GT| . Colli showed in [Cj that diffeomorphisms 
displaying infinitely many Henon-like strange attractors are dense in some open subsets 
of Diff°°(M), if dimM = 2. Even more recently, Bonatti-Diaz in |BDj showed that 
coexistence of infinitely many sinks or sources is generic in some open subsets of Diff^M), 
if dim M > 3. 

However, apart from these existence results, diffeomorphisms with infinitely many at- 
tractors or repellers are still a mystery. Results of |Maj . |DPUj . |BDPj show that maps 
which cannot be approximated by others with infinitely many sinks or sources have prop- 
erties of partial hyperbolicity. In this case the dynamics of these maps can be understood 
to some degree, see e.g. |BPj . |PSj . |GPSj . p3V| . |AB V] . It would be nice to know that sys- 



tems with infinitely many sinks or sources are negligible from the measure theoretical 
point of view. Indeed, it has been conjectured that such systems correspond to zero 
Lebesgue measure in parameter space for generic families (finite number of parameters) 
of maps, see jTYj and jPTj . Nevertheless this is not yet know. 

Here we show that this phenomenon of coexistence of infinitely many sinks or sources 
can indeed be discarded in the setting of maps endowed with random noise. We prove that 
(Theorem 1) every diffeomorphism of a compact finite dimensional boundaryless manifold 
M under absolutely continuous random perturbations along a parameterized family has 
only finitely many physical measures whose basins cover Lebesgue-a.e. point of M. 

In the context of the generic unfolding of quadratic homoclinic tangencies by unipara- 
metric arcs of surface diffeomorphisms, where the coexistence phenomenon of infinitely 
many attractors was first shown to occur, we prove (Theorem 2) a result similar to the pre- 
vious one concerning points whose perturbed orbits visit a neighborhood of the tangency 
infinitely often with positive probability, which we call recurrent points. 

This result is a corollary of the former since we show the random parametric per- 
turbations applied on the recurrent points to be absolutely continuous as well. For an 
uniparametric arc to satisfy this property in a surface a quadratic homoclinic tangency 
is used: the mixture of expanding and contracting directions near a homoclinic tangency 
point, in a neighborhood of it in the manifold for every diffeomorphism close to the one 
exhibiting the tangency, is what permits us to get absolute continuity even when only a 
single parameter is at hand. 

We conclude ( section PH^ that there cannot be infinitely many attractors (or physical 
measures) whose orbits (resp. supports) pass near a quadratic homoclinic tangency point 
or its generic unfolding under random parametric perturbations (i.e. random errors in 
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the parameters) — in this sense, diffeomorphisms with infinitely many attractors are not 
stable under random perturbations . 

These results can be seen from the perspective of a broad program proposed by J.Palis 
in |Paj . In particular, he conjectured that systems with finitely many attractors are 
dense in the space of all systems. Moreover, these attractors should have nice statistical 
properties, including existence of physical measures supported on them, and stochastic 
stability under small random noise — see e.g. |V2j . 

Fornaess and Sibony in |FSj have shown a result similar to Theorem to hold in the 
context of random perturbations of rational functions. The precise form of the statement 
of this theorem and of some definitions was inspired on theorem 1.1 of theirs. 

Relevant setting and all definitions are in sections 121 and |3] along with the precise 
statement of the result, including the kind of noise to be used and some examples. A 
summary of the steps of the proof is given in section HJ where we also sketch the contents 
of sections 5 through 9. In sectionUHlwe apply our results to perturbations of an example 
of Bowen. This provides a good insight into the meaning of these results. 

Relevant settings, definitions and the statement of Theorem |21 are in section Its 
proof in sections [T21 and [131 

Several questions arise in this context of systems with random noise and the simple 
methods used in this work to derive theorems 1 and 2 should be generalized and extended. 
Some of those questions are presented in the last section ( section [To]) of this paper. 

Aknowledgements: I thank Instituto de Matemdtica Pura e Aplicada (IMPA) at Rio 
de Janeiro, where this paper has been written, for its excellent research atmosphere and 
facilities. Many thanks to Marcelo Viana for uncountable discussions and suggestions, 
to Eulalia Vares for clarifying lemma Iq~D to me and to JNICT/FCT 1 (Portugal) and 
IMPA/CNPq (Brasil) for partial financial support, which made this work possible. 

2 Some Notations, Definitions 
and the Main Theorem 

Throughout this paper M will signify a compact boundaryless manifold with finite di- 
mension, m will be some normalized (m(M) = 1) Riemannian volume form on M and 
du '■ M x M — > R a distance given by some Riemannian structure on M, fixed once and 
for all. When not otherwise mentioned, absolute continuity will be taken with respect to 
the probability m. 

The random perturbations to be considered will act on the dynamics of diffeomor- 
phisms of a parameterized family given by the C 1 function / : M x B" — > M, where 
B n = {y g R™ : \\yW2 < 1} is the unit ball of R n , n > 1, || ■ H2 is the Euclidean norm and 
the map ft : M — > M, x G M 1— > f(x, t) is a diffeomorphism for every t G B n . 

1 Subprograma Ciencia e Tecnologia do 2- Quadro Comunitario de Apoio - PRAXIS XXI/BD/3446/94 
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2.1 Perturbations around a Parameter 

Let us fix a G B n and take e > such that the closed e-neighborhood of a be contained 
in B n , B (a, e) C B n . We define the perturbation space around a of size e to be 

A = A e (a) = £>, e) N = {f = (tj)™ =1 : ||t,- - a|| 2 < e, j > f } 

with the product topology, which is equivalent to the topology induced by the metric 
d(t : s) = Yl'jLi 2~ n • — 1 1 2 , s G A, and the measure z/°° given by the product of 
the normalized Lebesgue volume measure v over each 5"(a, e). For sets A±, . . . , A k of the 
Borel family in F(a, e) we have u°°(A 1 x . . . x A k x _B™(a, e) N ) = ^(Ai) . . . u(A k ) and if 
A C B (a, e) then ^(A) = \B (a,e)| _1 ■ where \A\ will mean the Lebesgue volume 
measure of A. 

Now we define the perturbed iterates of / by 

/*(*) = f k (z,t) = f tk o...o f tl ( z ), zeM,t_eA 

and state the useful convention that f°(z,t) = z and 

fv(U) = f(U, V) = {fl(z) :t_eV,zeU}, U C M, V C A 
for every k > 1. We emphasize a very often used property in what follows. 
Property 2.1 For every fixed k > 1 it holds that 

1. (z, fx,..., i fc ) e M x F(a, e) x . «? . xf(a, e) i-> / fe (2;, t 1} . . . , t k ) = f tk o . . . o f tl (z) E 
M is differentiable; 

2. (z, t) e M x A i— > f k (z,t) E M is continuous (with the product topology); 

3. z G M i— > / fc (z, ti, . . . ,tk) E M is a diffeomorphism for every ti, . . . ,t k G B"(a, e). 
Given t G A and z G M we will call {/ t fc (-2)}^i the t-orbit of z and many times write 

In this way, perturbations are implemented by a random choice of parameters of a 
parameterized family of diffeomorphisms at each iteration, the choice being made in a 
e-neighborhood of a fixed parameter according to a uniform probability. Such choices 
are represented by a vector t in A, an infinite product of intervals, and the greater or 
lesser importance of the set of perturbations taken into account will be evaluated by the 
measure v°°. 

This kind of random iteration will be referred to as parametric noise. With the settings 
given above, the family of diffeomorphisms acting on M with parametric noise of level e 
around f a will be written jF a e = {/ t : t G B (a, e)}. To simplify writing the factors of A 
we set T = B (a, e) from now on, so that A = T N . 
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2.2 Stationary Probabilities 



We can define a shift operator S : M x A — ► M x A, (z, t) i— > (/^ (z), cr(t)), where <r is the 
left shift on sequences of A: a(t) = s with t = (ti, t%, t 3 , . . .) and s = (i 2 , h, t±, . . .). 
By the definition of S and property 12.1( 2) we deduce that S is continuous. 

A probability measure /i in M is said a stationary probability if the measure /x x u°° 
is 5*-invariant: 

/i x z/°° (S^A) = /x x is°° (A), for every Borel subset A of M x A. (1) 
This is equivalent to say that /x satisfies the following identity 

V {f{z,t))d^{z)dv{t) = f <p(z)dfi(z), *i<p G C°(M). (2) 




In fact, writing ([TJ for A = U x A, where {7 is a Borel subset of M, we have 
/i x v°° (S-\U x A)) = fixv° 



U /r X (tO x {*} x A) 
U /."'(to x W ) x ^°°( A ) 



fj, X V 

lu(f(x, s)) dn(x) dv(s) (3) 
which is equal to fi x u°° (U x A) = (jl(U), that is, 

lu(f(x, s)) dfx(x) dv{s) = n(U) = / l{/(x) dfi(x), 




where 1[/ is such that lu(x) = 1 if x G Z7 and l[/(x) = otherwise. Then Q holds 
for every ip G L*(M, M) D C(M, R), because simple functions are dense in L 1 and the 
relation (j2J) is linear. 

Conversely, if (J2J) holds for every ip G C°(M, R), then it holds for every element of 
L*(M, R) because /x and i/ are Borel measures and / : M x B — > M is continuous (so 
that the left hand side of (J2J) gives a regular measure over M). In particular, it holds for 
<p = lu, and © is equal to J lu(x) dfj,(x) = fJ,(U) = /x x z/°° (£/ x A) proving that (j2J) 
implies /x x z/°°(5' _1 (?7 x A)) = /x x z/°°([7 x A). Now we see that, if V C A is also a Borel 
subset, 

/x x z/°° (S-\U x V)) = /x x MJ /^(C/) x { S } x V^j 

U /. _1 (t0 x {«} ) x i/»(V) 



fi X V 




lu(f(x,s))dfji(x) du(s) x u°°(V) 



= J lu(x)dfi(x) x v°°(V) =n x v°°(U x V) 
proving the equivalence between (J2J) and ((TJ). 

2.3 Ergodicity, Generic Points, Ergodic Basin 

In the same way we have defined a stationary probability, by utilizing the shift S, we will 
say that /x is a stationary ergodic probability measure if /i x z/°° is S'-ergodic. 

In this situation, Birkhoff 's ergodic theorem ensures that lim^oo ~ Y^jZo ^(^i 00 : t)) — 
J if) d(/iX^°°) for /iXi/°°-a.e.(x,t) G MxA and for every ip G C°(Mx A,R). In particular, 
putting if) — ip o n, with G C°(M, R) and jt:Mx A — > M the projection on the first 
factor, we obtain ip(S^(x,t)) = if(P{x,t)), j = 0,1,2,... and f if) x u°°) = f ipdfi, 
thus for every continuous <p : M — > R 

lim -y^v9(/- J (x,t)) = / yd//, for u x z/°° - a.e. (x, t) G M x A. (4) 

3=0 J 

We now remark that, because /i x z/°° is a product measure, we have the following 
property. Let X be the set of (x,t) that satisfy (J1J) for every continuous function y> : 
M — >■ R. If {y? n }^i is a denumerable and dense sequence in C°(M, R) and X n the set of 
those points (x, t) G M x A that satisfy (J3J) for <y9 n , n > 1, then it is easy to see (cf. |Mnt 
Capt. II. 6]) that X = fl n >iX n is a set of ji X z/°°-measure 1. Let us consider now X(x) = 
{t G A : (x,t) G X}, the section of X through x G M. Then we have u°°(X(x)) = 1 
for /i-a.e. x G M. Indeed, by Fubini's theorem, \i x z/°°(X) = j u°°(X(x)) d/i(x) = 1 
with < u°°(X(x)) < 1 for every x G M. Hence, the last identity implies the statement, 
because \i is a probability measure. 

The points x that satisfy u°°(X(x)) = 1, that is, for which the limit in (@J) exists 
and equals J \pd\L for z/°°-a.e. t G A and every continuous tp : M — > R, will be called 
[i-generic points. The set of /i-generic points, when [i is stationary and ergodic, will be 
the ergodic basin of \x and will be written E{pi). 

To complete this setting of terms and symbols, those ergodic stationary probability 
measures /j whose basin has positive volume, m(E(fi)) > 0, will be called physical mea- 
sures of the perturbed system. We also convention to write f k (x, u°°) for the push- forward 
of v°° by f k (x, ■), that is f k (x, u°°)ip = J (p(f k (x,t)) dv°°(t) for every k > 1, x G M and 
p G C°(M, R) by definition. 

2.4 Statement of the Results 

Theorem 1 Let f : M — > M be a diffeomorphism of class C r , r > 1, of a compact 
connected boundaryless manifold M of finite dimension. If f = f a is a member of a 
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parametric family under parametric noise of level e > 0, as in subsection \2.1\ that satisfies 
the hypothesis: there are K G N and £o > such that, for all k > K and x G M 



A) f k (x,A)DB(f k (x),^); 

B) f k {x,u°°) < m; 

then there is a finite number of probability measures fii, ...,//; in M with the properties 

1. fix, . . . , Hi are physical absolutely continuous probability measures; 

2. supp fii fl supp \ij = for all 1 < % < j < I; 

3. for all x G M there are open sets V\ = Vi(x), . . . , V\ = Vi(x) C A such that 

(a) VinVj = Q, 1 < i < j < I; 

(b) v°°(A\(V 1 U...UV l ))=0; 

(c) for all 1 <i <l and u°°-a.e. tEVi we have 

lim — y ( p(fHx,t))= / (pd[ii, for every <p G C(M,M). 

j=0 J 

Moreover, the sets Vi(x), . . . , Vi(x) depend continuously on x G M with respect to 
the distance d u (A,B) = v°°{A/\B) between v°° — modO subsets of A. 

The theorem assures the existence of a finite number of physical probability measures 
with respect to the perturbed system jF a e , as defined in the previous subsections, which 
describe the asymptotics of the Birkhoff averages of almost every perturbed orbit of every 
point of M. Section El gives perhaps a clearer meaning for this result. 

The conditions on the noise are about "how much spread" suffer the orbits under 
perturbation when compared with those without perturbation. They demand that the 
perturbations "scatter" the orbits in an "uniform" way around the nonperturbed ones, 
at least from some iterates onward, and ask for negligible perturbations (of z/°° measure 
zero) to produce negligible effects: the result of such perturbations should only be a set 
of m measure zero. 

These hypothesis try to translate the intuitive idea of random perturbations not having 
"privileged direction or size" , causing deviations from the ideal orbit that will "fill" a full 
neighborhood of that orbit and "ignoring" sets of perturbations of zero probability. In 
the light of this, parametric noise satisfying conditions A) and B) may aptly be referred 
to as physical parametric noise. 

Example 1: Let M = T n be the n-torus, n > 1, and /o : T™ — > T n a C r -diffeomorphism, 
r > 1. Since T n is parallelizable, TT n = T™ x M™, we can find n globally orthonormal 
(hence nonvanishing) vector fields in X r (M). For instance, through the identification 
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T n = M n /Z n via the natural projection, we may take Xi(x) — e\ — (1, 0, . . . , 0), X 2 (x) = 
e 2 = (0, 1, . . . , 0), . . . , X n (x) = e n = (0, 0, . . . , 1) for all x G T n . 

We construct a family of differentiable maps defining / : T™ x 1" — > T n by 

(x, 6 T x K" h f (x) + hXxifoix)) + ... + t n X n (f (x)) mod Z", 

or equivalently by f t (x) = f(x, h, . . . , t n ) = f (x) + (ti, . . . , t n ) mod Z n . 

We note that since ||£|| 2 < e implies \\ft — fo\\c r < e for every e > and Diff r (T n ) 
is open in C r (T", T n ) (cf. |PM| Capt. I]), there is e > such that the restriction 
f\ : T n x B n (0, e ) — ► T n is a C r -family of C r -diffeomorphisms of T n . 

It is not difficult to see that / satisfies hypothesis A) and B) of theorem for K = 1 
and for every family !F ae = {f t : \\t — a\\ 2 < e} such that B (a, e) C £>"(0,e ). We may 
say, in the light of this, that this specific kind of random parametric perturbation is an 
absolutely continuous random perturbation. 

Theorem n follows and we see that any random absolutely continuous perturbation of 
a diffeomorphism of the torus (or of any parallelizable manifold) is such that Birkhoff 
averages exist for almost every orbit of every point of the torus. Moreover, their values 
are defined by a finite number of absolutely continuous physical stationary probability 
measures. 

Remark 2.1 Example 1 shows that given any diffeomorphism f of a parallelizable mani- 
fold we may easily embed f in a suitable parameterized family of diffeomorphisms satisfying 
hypothesis A) and B) . 

Example 2: We now construct an absolutely continuous random perturbation around 
any given diffeomorphism / G Diff r (M), r > 1, of every compact finite dimensional 
boundaryless manifold M, assuming M to be endowed with some Riemannian metric. It 
is most likely that this kind of construction can be carried out with n = dim (M) or n + 1 
parameters. 

We start by taking a finite number of coordinate charts {ipi : -8(0, 3) — > M} l i=l 
such that {ipi(B(0,3))} l i=l is an open cover of M and {ipi(B(0, 1))}- =1 also (this is a 
standard construction, cf. |PMt Sec. 1.2]). In each of those charts we define n = dim (M) 
orthonormal vector fields Xa,...,X in : 5(0,3) — ► T^jbiq^M and extend them to 
the whole of M with the help of bump functions. This may be done in such a way 
that the extensions X^ are null outside ^(5(0,2)) and coincide with X^ in tpi(B(0, 1)), 
i = 1, . . . , /; j = 1, . . . , n. We then see that 

• At every x G M there is some 1 < i < I such that Xn(x), . . . , Xi n (x) is an orthonor- 
mal basis for T X M — and likewise for Xn, . . . , X in — because {^(-8(0, 1))}' =1 was 
an open cover of M. 

Finally we define the following parameterized family 

F : _^ C r (M, M), F ) (x) = $ (f{x), J2lt u v ■ X & 1 ) 

V i=i j=i J 
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where $ : TM x R — > M is the geodesic flow associated to the given Riemannian metric. 

Then for some eo > we get a finite dimensional parameterized family of diffeomorphisms 

F\ : B n ' l (0,eo) — > Diff r (M) satisfying conditions A) and B) of Theorem \I\ior K = 1 

n .i 

and some £ > 0, and for every family jF a e = {F t : \\t — a|| 2 < e} where a E B (a, e) C 
B»- l (0,e ). 

Example 3: In the context of random perturbation of rational functions, as in [FSj . 
hypothesis A) and B) are immediate. 

Indeed, let R : C x W — > C be analytic, where W C C is open an connected, 2 h- > 
R(z, c) is rational for all c G W and c E W ^ R{z, c) is nonconstant for every zGC (i.e., 
R is a generic family of rational functions). Then it is easy to get a £ = £(co, e) > such 
that -R(z, -B(co, e)) D B(R(z, Co), £) for all z G C, whenever -B(c , e) C W 7 , by compactness 
of C and because analytic nonconstant functions are open. Moreover, if A is Lebesgue 
measure normalized and restricted to B(cq, e), then R(z, A) <C Lebesgue on C. Hence we 
get A) and B) with K = 1. 

Theorem^ then proves something more than Theorem 0.1 of |FSj : we get physical 
measures whose support contains neighborhoods of the attracting cycles of R CQ and which 
give the time averages of almost every orbit of each point of the Riemann sphere. 

Example 4: Let f : M x T — > M be a parameterized family of diffeomorphisms as in 
section 121 such that for some a G T the diffeomorphism f a is transitive. Let us suppose 
further that for some e > the parametric noise of level e around f a , J- a ,e, satisfies 
hypothesis A) and B). Hence theorem^ holds and let \ii be one of the physical absolutely 
continuous probabilities given by the theorem. 

Since /„ is transitive, there is a residual set 1Z in M whose points x G TZ give 
dense / a -orbits: {fa( x o)}kLo = M. Moreover, the c-invariance of supp /Xj (v. section^ 
definition 13.1(1 and hypothesis A) imply that int (supp fa) ^ 0, and thus there is x G 
(TZ fl int (supp fa)). 

We deduce that supp/ij D {f k (x , A)}^ =1 D {/a(^o)}fcLo = M anc ^ so t nere is only 
one physical absolutely continuous probability in M, whose support is the whole of M. 

In particular, every diffeomorphism of the torus T n (n > 1) with a dense orbit, under 
absolutely continuous noise of arbitrary level e > 0, has a single physical absolutely con- 
tinuous probability whose support is M (and likewise if M is any parallelizable compact 
boundaryless manifold). 

In section^Jwe shall see that certain arcs (uniparametric families) of diffeomorphisms 
of class C r (r > 3) generically unfolding a quadratic homoclinic tangency satisfy both 
conditions of theorem^ restricted to a neighborhood of the point of homoclinic tangency. 
For more specifics, check the abovementioned section. We will then have 

Theorem 2 There are open sets of arcs (in the C 3 topology) {ft}te]-i,i{ of diffeomorphisms 
of class C 3 of a compact boundaryless surface generically unfolding a quadratic homoclinic 
tangency at f such that, in a neighborhood Q of a point of homoclinic tangency and for 
all f to sufficiently near f under parametric noise of sufficiently small level < e < e , 
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there are a finite number of probability measures /xi, . . . , /x^ in Q that satisfy the conditions 
1) and 2) and also 3) of theorem^ for points x G M whose orbits 0(x,t) have an infinite 
number of iterates in Q with respect to a z/°° positive measure set of perturbations. 

This result, combined with Newhouse's phenomenon, shows that the infinity of periodic 
hyperbolic attractors (sinks) that coexist in a neighborhood of a point of homoclinic 
tangency, for "many" parameter values near the bifurcation parameter, cannot "survive" 
the random parametric perturbation. Moreover it must subsist, at most, a finite number 
of analytic continuations under random perturbation of a sink. Section El will specify this 
conclusions and extend the result in a simple manner to Colli's phenomenon, where the 
infinity of hyperbolic periodic attractors is replaced by an infinity of Henon-like strange 
attractors. 

Now we will concentrate on the proof of theorem ^ 

3 Invariant Domains 

Let /x be a stationary probability measure with respect to a parametric perturbation of 
noise level e > around f a . Then supp /x is S-invariant: 5*(supp (/xxz/ 00 )) c supp (/xx u°°). 

Let us observe that since supp (/x) = supp (/x) x A we have for all (x, t) G supp (/x) x A 
that f k {x,t) G supp/x, for all k > 1. That is, supp /x is completely invariant according to 

Definition 3.1 A part C of M is said completely invariant or c-invariant if f k (x,t) G C 
for all x G C , t G A and k > 1 . 

With the purpose of showing the existence of the kind of stationary probability mea- 
sures stated in theorem ^ and to better understand the dynamics of the points in their 
support as well, we make a series of definitions. 

Definition 3.2 An invariant domain under an e-perturbation with respect to the family 
/ around the parameter a & I will be a finite collection Uo, . . . ,U r -\ of pairwise separated 
open sets, that is, i ^ j Ui DUj = 0, such that f k (U , A) C Uk mod r for all k > 1, and 
it will be written D = (Uo, . . . ,U r -x)- The number r G N above will be referred to as the 
period of the invariant domain. 

Let us observe that the open set Uq has a privileged role in the above definitions. 

Definition 3.3 An invariant domain that also satisfies 

f\UiA) CW (fc+ i)modr, VA;>1 (5) 

whatever i G {0, . . . , r — 1} will be a symmetrically invariant domain or s- invariant domain. 

This kind of domains will be at the heart of the arguments within next sections and 
the proof of their existence and finite number is the key to every other result in this paper. 

Remark 3.1 Since the ft are diffeomorphisms for all t G T , we see that if the collection 
D = (Uo, ■ ■ ■ , U r -x) is s-invariant, then V = (Uq, . . . ,U r -x) also satisfies and con- 
versely: if the closure V = (Uo, . . . ,U r -x) satisfies (pp with Uo, . . . ,W r -i pairwise disjoint 
open sets, then D = (Uo, ■ ■ ■ Mr-i) is an s-invariant domain. 
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3.1 Partial Order and Minimality 

Let T> be the family of s-invariant domains. We define the following partial order relation 
between its elements. 

Let D = (Uo, . . . Mr-i) and D' = (Uq, . . . ,W r ',_ 1 ) be elements of V. 

First, D = D' if there are G N such that %+fc) m odr = ^I'+fcjmodr'" VA; > 1 
which implies r = r', because the open sets that form each invariant domain are pairwise 
disjoint. 




Figure 1: Domains D,D' with D' -< D 

We say D -< D' if there are i, %' G N such that Hi mo d r C mod r , but Ui mo d r 7^ 
K'modr'i and %+fc)modr ^ mod r > for all /c > 1 (see figure □ for an example with 

r = 3 and r' = 6). 

We write D ^ D' if, and only if, D = D' or D ^ D' . 
Clearly (P, 3<) is now a partially ordered set. 

Definition 3.4 A minimal invariant domain is a domain D G T> which is minimal 
with respect to the partial order -< just defined. 

Minimal domains will be represented by the letter M. throughout this text. 

4 A Tour of the Proof 

With the notions given in previous sections we can now divide the proof of theorem ^ in 
the following steps: 

(1) To show that T> has some minimal invariant domain and that any invariant domain 
contains some minimal one ( section l6.1|) . 

(2) To show that minimal invariant domains are pairwise disjoint ( section l6.2|) . 

By now we can already deduce the number of minimals is finite. In fact, a minimal 
invariant domain Ai is completely invariant and by hypothesis A) of theorem ^ we see 
that every open set of the finite collection forming M. contains a ball of radius > £o > 0- 
The compactness of M and step 2 above ensure there can only be a finite number of such 
open sets and thus a finite number of minimals also. 
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(3) Every minimal domain is randomly transitive or r-transitive, this notion will be speci- 
fied in subsection 16.31 

(4) The orbits of every point z £ Ai under noise generate a stationary probability measure 
\i which is absolutely continuous (section ITTj) . 

From 3 and 4 we deduce that there exists an absolutely continuous stationary proba- 
bility n in the closure of each minimal Ai (since Ai contains every orbit of z £ Ai) whose 
support is the closure of Ai (by the c-invariance of the support and item 3): supp fi = Ai. 

(5) Every stationary absolutely continuous probability measure fi supported on a minimal 
domain Ai is ergodic and its ergodic basin E{p) contains the whole of Ai: E{ji) D Ai 
(section 17. 2j) . 

Being ergodic, absolutely continuous and supported on the whole of Ai, this prob- 
ability jj, is physical, since the minimal invariant domain is a collection of open sets. 
Consequently since for every such measure E(fi) D Ai holds, this is the only stationary 
ergodic absolutely continuous probability measure supported on Ai. It will be referred to 
as the characteristic probability of the minimal Ai. 

(6) Every stationary probability measure is supported on some s-invariant domain (section 

EJ). 

This crucial step gives the converse of the property deduced from step 5. Moreover, 
combining with the results of the previous steps we will deduce from step 6 that 

(7) Every stationary probability measure is a finite convex linear combination of charac- 
teristic probabilities (section |HJ) • 

(8) Finally, in section EJ we will use items 4 and 7 to deduce that z/°°-a.e. perturbation 
t £ A is such that 0(z,t) eventually falls into some minimal Ai. The perturbations 
sending z into different minimals form the partition of item 3 of Theorem ^ Since 
Ai supports a characteristic measure which is physical, we further derive that Birkhoff 
averages exist for 0(z,t) and satisfy (jH). 

5 Fundamental lemmas 

The measure theoretical lemma that follows will be used frequently within the arguments 
of this and next sections. 

Lemma 5.1 Given V C A with v°°{V) > 0, we define for fixed 9_ £ A and k > 1 

V{6, k) = {u £ V : u) X = 0i, . . . ,u k = 9 k } 

the k-section of V along 9_. Then we have 

u°°(a k V(9, k)) — > 1 when k — ► oo 

for v°°-a.e. 9 £ V , where a : A — > A is the left shift on sequences: cr(ip) = with 
ip n = ip n+ x, n= 1,2,3... 
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Note: From now on we will say that a vector 9 satisfying the above limit with respect 
to a set V C A is V -generic. 




v(e , k) 



o 

1 2 k k+1 k+2 



Figure 2: Representation of the infinite product of the interval [0, 1], a vector 9 and the 
sets V and V(9, k) 



Proof: We may assume, for definiteness, that A = [0, 1] N with v the Lebesgue measure 
in [0, 1] so that v°° is a probability in A. Let Vc Abe such that v°°(V) > 0. 

k 

If B is the Borel a-algebra in [0, 1] and B k = B x .?. x B x[0, if, k > 1, then A = 
a(W^ =1 Bk) is the a-algebra of A over which z/°° is defined, the cr-algebra generated by all 
Bk- For every / G L 1 (A, ^4, z/°°) and each k > 1 the map A G Bk i— > j A f dv°° defines a 
finite measure on (A, which clearly is absolutely continuous with respect to the 

measure A e Bk ^ v°°(A) (the restriction of v°° to By Radon-Nikodym's theorem 
there is E(f\Bk) G L 1 (A, S^, z/°°), the conditional expectation of f with respect to the 
a -algebra Bk, such that 

/ E(f\B k ) dv°° = [ fdv°°, WA e Bk (6) 

J A J A 

and this function is unique with this property in L 1 (A, Bk, u°°). 

Let X k = E(f\Bk), k = 1, 2, . . . We are going to see that {X fe }^ =1 is a martingale with 
respect to the sequence {Sfc}^ =1 of cr-algebras. 

Indeed, because Bk C Bk+i we have f A E(f\Bk+i) dv°° = f.f dv 00 for all A e B k and 
by © and uniqueness of conditional expectation 

E{X k+1 \B k ) = E(E(f\B k+1 )\B k ) = E(f\B k ) = X k v°° - a.e. 

By the martingale convergence theorem (cf. jP] for simple definitions and proofs), the 
sequence {X^}^ has a z/°°-a.e. limit that we shall write X e L°(A,A). 

By © and because / G L 1 (A,^4., we have, assuming / > 0, that Xk > z/°°-a.e., 
> 1, and consequently X > z/°°-a.e.. Moreover J |X fc | o?^ 00 = J Xkdu°° = J f du°° = 
J I/) du°° and so X G L X (A, X, z/°°) by dominated convergence and J* |X| dv°° = J X du°° 
gives J f dv°° . Furthermore, if A G Bk then J A Xj du°° = f A f dv°° for all j > k and from 
this we get f A X du°° = f A f du°° for all A G B k and k > 1. 

By the absolute continuity of the integral of a L 1 -function and by definition of A, for 
every e > and A <E A there are 5 > 0, A; > 1 and B e B k such that u°°(AAB) < 5, 
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Saab W < e anc ^ Saab \ f\ ^ v °° < e - we have, in succession 

fdu°° - / .Y;,r/// X = / - / fr//^ < 



Xdz/ C 







[ fdu°°- [ , 


IB 






[ X k dv°° 




/ Xdv°°- [ 


IB 




J A JB 



AAB 



Xdv c 



< 



dv°° < e; 



\X\ dv°° < e; 



AAB 



oo 
oo 



and from this we get | J A X du°° — J A f du°° | < 2e with e > arbitrary. 
We conclude that J A X dv 00 = J A f du°°, \/A G A and so X = f 

In particular if / = ly we have X k — > ly z/°°-a.e. and J B £7(ly|23&) g?i/°° = J B ly dv 
equals u°°(V n B) by definition of conditional expectation. But v°°(V B) = f B ly dv 
also equals J B z^°(V"(#, k)) dv k (9) for every B G and > 1 by Fubini's theorem, where 
vf?(A) = is°°(a k A) and is k (A) = u k (ir k (A)), A G A with ix k : A — ► [0, l] fe the natural 
projection 9 = (^)^i ^ A)- That is i/jg°(V(0, A;)) = E{l v \B k ) = X k z/°°-a.e. 

£ G A, and the proof is complete. 

□ 

This lemma will be utilized essentially in the following way. Let V, W be subsets of A 
with z/°°-positive measure and t a V"-generic vector. Then there is k G N such that 



k > k z/°° (W D a k V(t, k)) > 0. 



(7) 



Since v°°(V(t, k)) = for allt G A and k > 1 we may wonder whether we may use (J7J) in 
arguments proving some z/°°-a.e. result. The answer is in the following 

Lemma 5.2 Let V, W C A be such that u°°(V), u°°(W) > 0. Then for u°°-a.e. teV 
there is a ko G N such that for all k > ko and every r\ > 



v 



{s G V : d(s,t) < r] and a k s G W) > 0. 



Hence we may not have (J7J) but we know we can choose with positive probability a 
vector in V arbitrarily close to t whose kth shift is in W. This will be enough for our 
purposes. 

Proof: Let V C A be such that u°°(V) > 0. For every n > 1 and j > 1 let i^ n j be a 
compact set inside V such that z/°°(V \ < (n ■ 2- ? )~ 1 and E(ly\Bj)\K n is continuous 
- we are using Luzin's theorem (v. (Ml Capt. IV, Sec. 21]). Then C n = r\j>\K n j is a 
compact subset of V, v°°(V \ C n ) < n" 1 and E(ly\Bj)\c n is continuous for every j, n > 1. 

We have V = U n >iC n , z/°° mod and so z/°°-a.e. i G V is in some C n , n > 1. Moreover 
z/°°-a.e. t G V is a i/°°-density point of some C n and we may suppose z/°°(C n ) > for all 
n > 1 (otherwise we consider only n > n for some big ri D G N) . 

^From now on we suppose t is V-generic and a z/°°-density point of some C n with 
z/°°(C„) > 0. We let W C A be such that is°°(W) > 0, set 5 = \v™{W) > and let 
ko G N be such that z/°°(cr fc V(t, k)) > 1 — 5, for every k > fco by lemma I3TTI By the choice 

16 



of t and C n we have u°°(B(t,rj) D C n ) > for all rj > and for some ?7o > we have 
further that, fixing k > fc , 

d(s,t) < r/ ,s £ C„ ^ v°°(a k V(s,k)) > 1 - 25 

by the continuity of E{l v \B k )\c n at t. Therefore we deduce that 

d(s, t) <f) ,seC„^ u°° (W n cr k V(s, k)) > 25 > 

and so, for any r] > 0, we have 

z/°° {seF: d(s,*) < rj and elf}> 

> u°° {seV : d(s,t) <r]i = min{?7o,?7} and a k s £ W) > 

> [ lw{<T k l)diy°°(s)= I [ l w {u)dv°°{u)dv k {s) 

J B(t,Tn)nC n JB(t,Tn)nCn Ja k V(s,k) 

= [ z/°° (w n o- fe y(s, fc)) rfz/ fc (i) > 25 ■ v k (B(t, rn) n c n ) 

JB(t,T)i)nC n 

> 25-u oo (B(t,r] 1 )nC n )>0 

where we have used Fubini's theorem and v k is as before in lemma l5~Tl □ 
In section [EH a slight generalization of lemma 15.11 will be needed. 

Definition 5.1 Given V C A and t, s £ A we define a double section through t and s at 
k > 1 by V(t, k, s) = {(p e V : ipi = h, . . . , ip k = t k and tp k+2 = s 1,^4-3 = s 2 , • • •} • 

Lemma 5.3 Lei C A be such that u°°(V) > 0. Then for u°°-a.e. t £ V and for every 
< 7, 5 < 1 i/iere exists k £ N swc/i i/iai /or a// k > k there is a set W k C V rt/i £/ie 
properties 

2. ^°°(W fc ) > 0; 

5. f (pjfc+iWfc(t, fc, s)) > 1 — <5 /or u°°-a.e. t £ s in a subset of A wrat/i z/°°- 

measure > 1 — 7; 

where p k '■ A — > I? zs £/ie projection on the kth coordinate. 

Proof: (An application of lemma l5~T1 and Fubini's theorem) 

Defining K = {t £ V : i/^O^Vfe, fc)) > 1 - 5 • (1 - 7), Vfc > n} we have V n C K+i 
and lemma ETTlsavs V = U n >iK, v°° mod 0. We set k £ N such that z/°°(Vfc) > |z/°°(y) 
for every k > fco- Definition 15. II and Fubini's theorem imply 

1 - 6 ■ (1 - 7) < i/°VV(f, fc)) = / i/bfc+i^fe fc, s)] dv°°{s) 
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for every t £ V ko and k > k . We define now for each t £ V ko and k > k the set 

W k (t) = {s £ A : u\p k+1 V(t_, k,s)\ >l-5} 
and by the last inequality we see that v°°(W k (t)) > 1 — 7. Then defining for k > k 

W k = \J {V(t_, k,s):t_£ V ko and s £ W k (t)} , 

we get 

v°°(W k ) = [ [ ^Pk + iV(t,k,s)]du°°(s)du k (t) 
Jv kQ Jw k {t) 

> [ (l-6)-v°°(W k (f))dv k (t)>(l-6)-(l- 1 ).v k (V k0 ) 



> (i _ S )(l - 7 ) • v°°(V k0 ) > (1 - S)(l - 7) • \ ■ v°°(y) > 0. 

We finally note that z/°°-a.e. t G V is in every V k for sufficiently big k. □ 

The following notions will be extremely useful. They are mere adaptations of the usual 
notions of u;-limit to the context of random parametric perturbations. 

Definition 5.2 We take z to be some point in M, U some subset of M, t some vector 
in A and define 

^( z ,t) = {w G M : 3m < ra 2 < • • ■ inN such that fl h (z) — ► w when j — ► 00} 
(the usual definition of uj -limit for the orbit 0(z,t)); 

lj(U, t) = {w G M : 3{uj}°° =1 C M3n 1 <n 2 < ... in N snc/i too* (uj) — ► u; 

when j — > 00} (the co-limit of a set under a perturbation vector t); 

u(z, A) = ju> G M : 3{9 {j) }°° = ! C A 3ni < n 2 < . . . mN snc/i too* (z) — ► w 

when j — > 00} (the u-limit of a point under every perturbation); 

u(U, A) = |-u; G M : 3{ Uj }°° = 1 C M 3{9 {j) }°° =1 C A 3n x < n 2 < . . . in N suc/i too* 

fg(j)(uj) — > u> when j — > 00 1 (£/ie same as before with respect to a set). 

Lemma 5.4 Let us suppose U to be a subset of M whose orbits, under a positive v°°- 
measure setVcA of perturbations, go through a finite family of pairwise separated open 
sets A , . . . , Ai_i in a cyclic way, that is 

fUU)^A kmodl ,Vk>l (8) 

(example: the set Uq of an invariant domain D £ T> with respect to Uq, . . . ,U r -i) 

Then the set oj(U,0) of accumulation points of the orbit of U under a V -generic 
perturbation 9 £ V is such that uj(U,Q) C A U . . . U A x _x and if z £ ou(U,9) fl A i with 
< i < I — 1 and ip £ A, then f k (z) £ A^ i+k ) mo< n for all k > 1. 
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Lemma 5.5 If in the last lemma we had V = A then the set u(U,A), besides having 
orbits that go in a cyclic way through the A iy i = 0, — 1, under any perturbation, 
would also be invariant under every perturbation: f§{z) G uu(U,A) for all k > 1, for all 
z G uj(U, A) and for all tp G A. 

These lemmas essentially state that whenever we look at limits of generic perturbations 
we find a point whose perturbed orbit does not depend on the perturbation chosen, in 
the sense that it is carried cyclically through some specified family of sets. This property 
is the key idea behind the construction of s-invariant domains in lemma ESQ 

Proof of [O Let us fix ip G A and z G w(U,0) with v°°(<T s V(6,j)) — ► 1 when 
j — ► oo. 

Then there are sequences {uj}°^ 1 C U and {nj}^ =1 C N with ni <n 2 < . . . such that 
z j = f nj ( u j->§) — > z when j — > oo. It is clear that z G A U . . . U Ai_\. 

Let us now fix k G N and assume z G Ai for some i G {0, . . . , I — 1}. We want to show 
that f k (z,ii) G A {i+k)modl . 

Once k is fixed, property 12. II implies that, for given 5 > 0, there are 7, v > such that 

rf(^)<7,^A d M (f k (z,f)J k (z,<p)) < 5; 

d M (zi,z 2 ) < v, Z!,z 2 G M, <p G A d M (/ fc (z!,^),/ fc (z 2 ,^)) < 5. (9) 

By lemma 13721 and the convergence of {zj}'jL l , making W = B(i/j,j/2) we may choose 
a sufficiently big j G N such that dM(f nj (uj,9), z) < v/2 and a sufficiently small 77 > 
such that, with positive probability, there can be found <p G V with 

d(y^£) < V, d(o- n J(p,ijj) < 7/2 and also d M (f nj (uj, <p), z) < v. (10) 

Hence, by the choice of 7 and v we will have that: 

d M {f k {z^)J k {z 3) a n ^) < d M (f k (z,l),f k (z,o- n ><p)) + 

+d M (f k (z,a n ^)J k (z 3 ,a n ^)) 
< 5 + 5 = 25. 

But we can take v > so small that besides (jl(J|) and we get 

d M {w } z) < v, w G A U . . . ^> 2; G Ai. (11) 

With this we have Zj G and also f k (zj, a nj ip) G A^+k) mod / by the hypothesis (jHJ), with 
5 > arbitrary, and the lemma follows immediately. □ 

Proof of 15.51 Let us take z G u(U, A) and suppose z G A« for some i G {0, ...,/ — 1}. 
We fix k > 1 and ip G A. 

Then there are C A, {uj}f =l C E/ and {nj}f =l C N with n x < n 2 < . . . in 

such a way that Zj = f nj {Uj,(P') — ► z when j — ► 00. 
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For S > let us take v > as in ©, and v so small that (jllj) holds. Moreover, let 
j G N be such that j > j d M (f nj (uj,8^), z) < v. 

We now have d M (f k (z, f), f k (z J} f>) = d M (f k (z,±), f^(uj,6 U) )) < 5 for j > j , 

where 5 = (6i \ ■ ■ ■ , On] • • • , ipk, V'fc+ij • • •) £ A. But 5 > is arbitrary, thus we get 

that f k+nj (uj,9_ j ) — > /$(<z) when j — > oo. 

Now we see that for f k (z,f) there exist {0 }°° =1 C A, {uj}°° =1 C C/ and {k+nj}f +1 C 
N with + m < k + ri2 < ■ . . in such a way that f k (z, if) G o;(C/, A). □ 

We state the following lemma (which should be a corollary of the previous two) with 
a slight abuse of language: we say an invariant domain D = (Uq, . . . ,U r -\) contains (is 
contained by) a set C if Uq U . . .U r -i D C (respectively C D U U . . .U r -x). 

Lemma 5.6 If C is a c-invariant set contained in some domain D = (Uq, ■ ■ ■ ,U r -i) 
invariant with respect to a system T a ^ under parametric noise satisfying hypothesis A) of 
theorem^ then it contains some s-invariant domain. 

Proof: Let C and D be as stated and let us consider X = u(C, A) (cf. definition I5.2J1 . 

By lemma 1531 we know that X C C C Uq U . . .U r -\ is a c-invariant set whose points 
are carried cyclically through the U i: i = 0,1, . . . ,r — 1. 

By hypothesis A) of theorem ^ it holds that int (X) ^ 0. Thus the collection D = 
(Uo n int {X), . . . ,U r -\ fl int {X)) is a member of T>, an s-invariant domain. 

Indeed, since the f t are diffeomorphisms for all t G B, the interior of X must be sent 
into the interior of X. But, by lemma 1531 the orbits of points of X must respect the 
cyclic order of the U, i = 0, . . . ,r — 1. 

We conclude that X contains an s-invariant domain in its interior (the open sets 
forming D are pairwise separated by construction). Since X C C, we have the same for 
C. 

□ 

Definition 5.3 Let D = (Uq, . . . ,U r -\) be an s-invariant domain (D ED) and z G M . 

We define G(z) = G D (z) = {t G A : 3n G N such that f?(z) G D} and H(z) = H D (z) = 
A \ G(z), the perturbation vectors that will send z into D and those that never do so, 
respectively. 

Lemma 5.7 Let us suppose that z G M is such that u°°(IId(z)) > for some D G D 
and t is a H-generic vector (H = H(z) = Hd(z) ). 
Then H(w) = Ho(w) = A for every w G u(z,t). 

This lemma assures that those points whose perturbed orbits never fall in some invari- 
ant domain D for many (z/°°-positive measure) perturbations have tu-limit points (under 
generic perturbations) which are never sent into the same domain D by every perturba- 
tion. This is another "independence of perturbation" property for the orbits of cu-limit 
points. 
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Proof: Let us fix a if -generic perturbation vector t and w G u(z,t). 

By contradiction, let us suppose there are s G A and n G N such that /"(w) G D. 
Then there must be a neighborhood C/ w of w in M and a neighborhood V s of s in A such 
that f n {U w x Vs) C D by the continuity of /" : M x A — ► M (by property EH}. 

But u> G cu(z,t) and t is if -generic, thus there are k E N and 6_ £ H very close to 
t, with positive probability, such that f k (z,t) G U w and o~ fc # G by lemma IS~2*l since 
u°°(H) > 0. Therefore f k+n (z,6) G D contradicting 9_£H. □ 

Lemma 5.8 Lei z be a point of M and V a subset of A, with u°°(V) > 0, such that for 
u°°-a.e. vector t G V and every w G w(z,f) there is s G A (s — s(t,w)) such that the 
orbit 0(w,s) eventually falls in some minimal invariant domain: 

3M = M(s) minimal 3n = n(s) G N : f?(w) G M. 

Then we will have a ^.-minimal domain M., a set W C V , with ^(W) > 0, and a 
m G N such that f™(z) G M. for every 9 in W . 

Let us observe that the hypothesis does not prevent the point from being sent into 
different invariant domains by different perturbations, but the lemma ensures there will be 
a positive measure set of perturbation vectors sending the point into the same invariant 
domain! In other words, the system under parametric noise cannot be unstable to the 
extent of sending a given point into completely different places by nearby perturbations. 

Proof: As in the proof of lemma 15.21 let us fix 5 > and a compact C contained in V 
such that v°°(y \ C) < 5 and E{ly\Bj)\c is continuous for every j > 1. We may assume 
u°°{C) > 0. 

Now we take t G C such that t is both ^/-generic and a z/°°-density point of C. 

Let w be a point in u(z,t) and {rij}^L 1 C N a sequence n x < n 2 < . . . such that 
f™ 3 (z) — > w when j — > oo. We will fix, from the hypothesis, a minimal domain A4, an 
integer fceN and a perturbation vector 9 G A such that f k {w,6) G AA. 

Since M. is open and f k : M x A — ► M is continuous (see property 12. lj) . there are 
neighborhoods C/^ of w in M and Z7 £ of 9 in A such that f k (U w x Uq) C M. 

By the choice of w and t there ismeN with the property 

j > m (/^ (2) G £/ w and /3 = z/°°((T nj 1/(t, rij) n C/e) > 0) . 
Because E(lv\Bj)\c is continuous, there is p > such that 

a g B(t lP ) nc^ ^(lvl^JU) - E(i v \B nm )(t)\ < I 

and / nm (^, B(t, p))QU w by the continuity of f Hm : M x A — > M. 
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Then we have u°°(a nm V(s, n m ) H Ug) > (3/2 > for every seB(t,p)nC because 

\v°°(a nm V(t,n m ) n Ug) - u°°(a n ™V(s,n m ) n t/ £ )| = 

= z/°° \(Ug_ n a n ™ v(t, n m )) A (Ug n n m ))] 
= [C/e n ( a n -V{t_, n m )Aa n ™V{s, n m ) )} 
< u°° ( a n ™V(t, n m )Aa n ™V(s, n m ) ) 

= \v°°(a n -V(t_,n m )) - v™(a n -V(s,n m ))\ < 2 

It follows that W — U {(si, . . . , s nm , «i, «2) • • •) :mG (o- nra "K(,s, n m ) n L^)} is a 

seB(t,p)nc 

subset of V such that 

= / v°° (a nm V(s,n m )nUg) dv nm (s) 
J B(t,p)nc 

because t is a i/°°-density point of C . Moreover 

r-( z ,w) c r™ (z, (s(t,p) n c)) c r^(z,B(t_, P )) c ^ 

and / fc (t4, xftjC^ with or nm jy C l^. Thus f Um+k (z, W) C .M, completing the proof 
of the lemma. □ 

6 Finite Number of Minimal Invariant Domains 

Two basic properties of the members of T> are the following direct consequences of hy- 
pothesis A) of theorem ^ and definitions 13.21 and 13.31 

Property 6.1 Any s-invariant domain D = (Uq, . . . , W r _i) is such that every open setUi 
contains some ball of radius £ > ; i — 0, . . . , r — 1. Consequently, each open set has a 
volume (m measure) greater than some constant Iq > 0. 

Property 6.2 The period of any invariant domain D G T> is bounded from above by a 
constant T p 6 N dependent on Iq (T p < 1/1$). 

6.1 Minimals Exist 

We start by showing that Zorn's lemma can be applied to the partially ordered set (T>, ;<) 
of completely and symmetrically invariant domains of M. Having established this, we 
conclude that there are minimal invariant domains in M. 

Let C be a ^-chain in (V, di), that is, if D,D' eC then either D ^ D' or D' ^ D. By 
property 16.21 the domains of C have a finite number of distinct periods. So if p : C — ► N 
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is the map that associates to each D G C its period p(D) G N, then p(C) = {r 1; . . . ,r t } 
i 

and C — |J p _1 {^j}- We need to find a lower bound for C in (X>, ^). We can suppose 

that C does not have a minimum, otherwise we would have nothing to prove. Now we 
establish 

Claim 6.1 There is a jo G {1, . . . , 1} such that the subchain S = p {rj } does not have 
a lower bound in C. Moreover S precedes every element of C: for all D G C there is a 
D' eS such that D' <D. 

Indeed, if every subchain of constant period Sj = p" 1 -^-} had a lower bound Dj G C 
for j = 1, . . . , /, then the minimum of the subchain S 1 = {D\, . . . , D{\ C C (which always 
exists because S' is finite) would be a minimum for C, in contradiction to the supposition 
we started with. So there is some S = Sj without a lower bound in C. 

Now for the second part of the claim. Let us suppose, by contradiction, that there is 
afleC such that D j( D for every D G S. But we are within a chain, thus D -< D for 
all D G S, that is, D would be a lower bound for S in C, and this contradiction proves 
the claim. 

Now we just need to show that S has some lower bound in (V, ^) in order to get a 
lower bound for C. 




Figure 3: D a -< D a i with D a ,D a / in a subchain of period three after suitable arrangement 
of indexes 

To do that, let us first observe that S is made by nested invariant domains of equal pe- 
riod, all symmetrically invariant. Thus we can always write D G S as D = (Uq, . . . ,U r -i) 
and, for any other D' = (Uq, . . . ,U' r _^), we can never have two different U-,U'j intersect 
the same Uk, i,j,k& {0, . . . , r — 1} and i ^ j (see figure 01 for a representation of S with 
period three). 

Hence we can rearrange the lower indexes of the open sets that form the domains of 
S in order to obtain S = {D a } ae ^ with D a = {U^\ . . . M^i) f° r a <E A, A some set of 
indexes, and satisfying the following property 

D a ±D a ,^ (wf'cwf , z = 0,...,r-l); 
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for all a, a' 6 A. 

We can now consider the intersections Ui = f] U\ ■ , i = 0, ... ,r — 1, and observe 

ae.4 

that, because each D a is s-invariant, the family (Uo, • • • Mr-i) satisfies 

f k (Ui,A)CU {k+i)modr , VA;>1 Vi = 0,...,r-1 (12) 

and since fixing q G i we have C U^ for i = 0, . . . , r — 1, the Uo, . . . ,U r -i are 
pairwise separated, because 

theUt°\---M-i already were pairwise separated. 
Finally, hypothesis A) of theorem ^ and (j!2)) ensure that every Ui has nonempty 
interior (i = 0, . . . , r — 1). Since the ft are diffeomorphisms for i 6 5, hence open maps, 
we deduce that D = (int (Uo), . . . , int (W r _i)) is an s-invariant domain of T> which clearly 
is a lower bound for the subchain S. Consequently we got a lower bound for the chain C 
we started with and proved that Zorn's lemma can be applied to (T>, ;<). 

Moreover, it is easy to see that each member ofD contains a minimal domain. 

In fact, let us now fixD 6D and consider the partially ordered set (T>d , ^), where 
T>d = {D ET> : D ^ D }. Since it can be shown that each chain of (T>e> , ;<) has a lower 
bound in £>d , in the same way we did before, there must be some minimal domain in 
(^A)) — ) "which, by the definition of T>d , is also a minimal domain of (T>, ^). 

We conclude that each domain in T> contains a minimal domain of (T>, ^). 



6.2 Minimals are Pairwise Disjoint 

Let us now observe that, because each open set of the collection that forms an invariant 
domain has a volume (Riemannian measure m on M) of at least Iq > by property 16. 11 to 
prove there is a finite number of ^-minimals we need only show they are pairwise disjoint. 

Let D = (Uo, . . . ,U r -i) and D' = (Uq, . . . ,U' r ,_^) be two minimals of (V, z<) whose 
open sets have some intersection, Ui fl Uj ^ say, for some i £ {0, ...,r — 1} and 
j E{0,...,r'-1}. 

Because both D and D' are s-invariant, we have for all k > 1 

fi(Ui H W 3 ) C fi(Ui) C U {i+k) mod r and f\(U t fl U[) C /£(ZYj) C U{ J+k) mod r , 
and thus f\{Ui C m „ dr H modr ,. Therefore if we define 

D = (Uif) Uj,U( i+ i) mod r fl nl od r') • ■ • ) W(i+[r,r']-l) mod r H W( J - + [ r! ,./]_ 1 ) mod r /) 

we will get D eV (here [r, r'] is the least common multiple of r and r'). 

The invariance property is clear. Let us check that the open sets forming D are pairwise 
separated. Indeed, if we had U( i+kl ) mod r H mo d r ' n mod r fl U' {j+k2) mod r , 7^ 

with < k\ < &2 < [r, r'] — 1 then, in particular, 

U(i+ kl ) modr HI U(j + k 2 ) modr 7^ $ and U^ i+k ^ mod r / fl U^ +k ^ mod r / 0. 
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However by definitions 13.21 and 13.31 we conclude that k\ = k 2 (mod r) and k\ = k 2 
(mod r') with < ki < k 2 < [r, r'] — 1, contradicting the Chinese Remainder Theorem. 

We have now D < D and D ^ £)', so the minimality of both D and D' implies 
D = D = D'. We have shown that if two ^-minimals intersect then they are equal. Con- 
sequently, we have that they are pairwise disjoint and, as mentioned above, we conclude 
there is a finite number of minimals in (T>, ^). 

6.3 Minimals are Transitive 

The following is an expression of the dynamical indivisibility of minimal invariant domains. 

Lemma 6.1 Every minimal invariant domain M. = (U , . . . , W r _i) is transitive in the 
following sense. For every z G M. (meaning z G Uq U . . . UU r -i) the sequence {fA{ z )}rv=i 
is dense in A4. 

We will say that minimal invariant domains are randomly transitive or r-transitive 
when referring to this kind of transitiveness. 

Proof: In fact, let M. = (Uq, . . . ,U r -i) G T> be a minimal and let us take some point 
z G Ui with i G {0, . . . , r — 1} and X = u(z, A) (cf. definition lo"2Jl . 

By lemma 1531 we have X C M. = Uq U . . . UW r _i, X is c- invariant and goes cyclically 
through the U , . . . ,U r -i, under every perturbation vector of A. Besides, by lemma IB~o1 
there is D G T> such that D G X. So D -< A4, in contradiction with the ^-minimality of 
M. 

Hence it must be that M. = D and then {f^^)}^! is dense in U U . . . W r _i, as stated. 

□ 

Given a minimal M. = (Uq, . . . ,U r -±), since it is s-invariant, it will also be invariant 
with respect to f t for every t G T, because the vector (t, t,t, . . .) is in A. 

This means we have / t (Z^) C mod r f° r all > 1 and z = 0, . . . , r — 1. 

However, we cannot state any kind of indivisibility for this domain with respect to 
ft because the domain was originally a minimal domain, but with noise. The perturba- 
tions around the system f a may have mixed, in a single collection of open sets, several 
attractors indivisible with respect to ft, but that under random choices of parameters 
were indistinguishable. We cannot proceed further in this because we made no hypothesis 
about the dynamics of the ft without noise. 

7 Stationary Probability Measures 
7.1 Existence and Absolute Continuity 

Let z be a point of M. The formalization of the dynamics under noise by means of 
the operator S enables us to naturally associate a probability measure to the orbits of 
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the system: the push-forward of u°° from A to M via the map f k given by f k (z,h /OC ), 
k > 1. We have defined this as the probability which integrates continuous functions 
if: M — >■ R as f k (z, z/°°)v? = [f k (z, -)**/ 50 ] tp = ftp (f k (z,t)) du°°(t), k > 1. 

These probabilities are not stationary in general, but if we consider their averages 



/V, 



1 n 

-J2f j (z,v°°), n = l,2,..., 



(13) 



we obtain a sequence of probability measures in M which, by compactness of the space 
P(M) of probabilities measures over M with the weak topology, has some limit point 



/ioo = lim — f j (z,is°°). This means the integral of a continuous (p : M 

i-*oo rh - =1 

respect to fi^ is given by ^(ip) = lim i £ f y? (f j (z,t)) du°°{f). 
This accumulation point is a stationary probability. In fact, 

(fi o /(iy, s) dfiooiw) dv(s) = 



with 




]im-J2 fco/,) (/''(*,*)) 

1 .7=1 7 



di/(s) 



and 



di/(s) = 



/ -E f(<P°fs)(f j (z,t)) dv°°(t) 
l Ui j=l J 

= ~ E / (/• % ° ■ ■ ■ ° f tl (z)) dv°°(t) dv{s) = - [<P (fl +1 (z)) dv°°(t) 

= - E / ^ WW) ^go + - f / ^ d^OO - / v> (/*(*)) *^°oo 

l^i . J Tli J J 

J=l 

for i > 1. Since sup |y(w)| = ||y?|| is finite, the second term of the last expression 

converges to zero when i — > oo, while the first term gives the integral of ip with respect 
to /Xqo, that is 



ftpdvo, = lim / -J2 [(<pof s )(f(z,t)) dv°°(t) 

lim -E (/''(*.*)) 



<iz/(s) 
<iz/(s) 



y y ipof s (w) dfj, 00 (w)diy(s), 



where we have used the dominated convergence theorem to exchange the limit and the 
integral signs. In addition, because C°(M, R) is dense in L 1 (M, n^) with the Z^-norm, 
we see the last identity holds for every /ioo-integrable (p : M — ► R. 
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Moreover, if E is any Borel subset of M we can write 




l E dfi 00 = / / l E (f t (x))dii 00 (x)du(t) 



1e (ft 2 ° fh{x)) dfioaix) dv(ti) du{t 2 ) 





J lEitfix^d^Wdv^it) 

J lEifKx^dv^&dfi^x) 
f\x,^){E) d^(x) 



for k — 1, 2, 3 . . . Hypothesis B) of theorem guarantees that f k (x, u°°) <C m for k > K. 
Thus Hoo(E) = whenever m(E) = 0. We have just proved 

Lemma 7.1 Given z G M , any accumulation point of the averages (Q3J) a stationary 
absolutely continuous probability measure over M . 

Let us remark that /ioo = fioo( z ) depends on z G M and the accumulation point of the 
averages (|TH|) may not be unique. 

7.2 Ergodicity and Characteristic Probabilities 

Let us suppose z G D for some D E V. Then it is clear that supp /i^ C -D, whatever 
accumulation point of the averages (jlH|) we choose. Moreover, by remark lB~T1 we have that 
V = (Uo, ■ ■ ■ Mr-i) satisfies © also. Thus if w G supp /i^, we get by hypothesis A) that 
f k (w, A) D B(ft o (w),£o) for all k > K, and by the invariance of the support we conclude 
supp /i H D 7^ because int (<9-D) = int (<9Wo U . . . U dlA r -i) = 0. In addition, if z belonged 
to a minimal M. G X>, then the invariance of the support, the fact that supp \x PI -D 7^ 
and the r-transitiveness of .M (given by lemma RTTJl together imply supp /x = AL 

Lemma 7 .2 If AA. E T> is a minimal invariant domain and \i a stationary absolutely 
continuous probability measure with supp /1 = A4, then 



Proof: What we want to prove is equivalent to the following for every Borel set E: 




constant 



for every bounded measurable function ip : M 




(14) 
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Let E be a Borel set that satisfies the left hand side of (fTljl and let us suppose that 
n{E) > 0. Let 5 > be given and take an open set A D E such that fi(A \E) < 5. Then 
the following holds 

Ie(x) = f(x, v)Ie = f(x, y)f(x, v)l E = f 2 (x, u 2 )l E . 

We can iterate any number of times obtaining 1e{x) = f k (x,u 00 )lE for all k > 1 and 
^tx-a.e. x. 

In particular, if x G -E 1 , this means that / fe (x,t) G £ C A for z/°°-a.e. t and every given 
k > 1. By Property 12. If 2) and because a full i/- measure set is dense in A we have that 

f k (x,t) <EA for all k>l and every tG A 

whenever x G E. Then, if we define IA[ = Ui fl U^g^^^^int (f k {x, A)), i = 0, . . . , r — 1, 
we see that the ZY t - C A are open, nonempty (by hypothesis (A) and because supp ji = M. 
and int (M) = M. = U U . . . U W r -i) and so D = {U' 0l . . . Ml-i) is an s-invariant domain. 

In fact, fixing y G U[ for some < i < r — 1, s G A and n > 1, there are k > K 
and 5 > such that B(y,<5) C / fc (x,A) and f2(B(y,6)) C f k+n (x, A) C W J+nmodr by 
definition of W/. Hence G int (f k+n (x, A)) nW !+nmodr after property I2HT3). 

We have built an s-invariant domain DeD such that D ^ Ai. The minimality of .M 
gives -D = and hence fi(A) = 1, that is, n(E) > n(A) — 5 = 1 — 5. Since 5 > was 
arbitrary, the proof is complete. □ 

Lemma 17.21 implies that /ioo is ergodic, that is, /i^ x v°° is S'-ergodic. (For ease of 
writing we make fi = /i^ in the following discussion.) 

Indeed, let us assume that ip : M x A — > K. is an S"-invariant bounded measurable 
function: if) (S(z,t)) = if}(z,t), [i x z/°°-a.e (z,t) G M x A. 
For each k > we define 

V»fc(ar, ti, • • • , t k ) = y V(jc, ti, t 2 » • • • > Wi. • • •) dv{t k+1 ) dv(t k+2 ) . . . 

and we have, by the invariance of if>, 

4>o(x) = J ip(x,t 1 ,t 2 , . . .) dv(ti) dv{t 2 ) ■ ■ ■ 

= J ' tp(ftAx),t 2 ,t 3 , . . .) dv(t 2 ) dv(t 3 ) . ..dv{tx) 

= J ipo(fti(x)) dvfa), jti-a.e. x G M. 
Therefore, by lemma IT2*| we conclude that ipo is /i-a.e. constant. In general, for k > 1, 
^(x, ti, . . . , = y V>(z, *2, • • • , t k , t k+1 , . . .) dv{t k+x ) du(t k+2 ) ■ ■ ■ 

= J ip(f tl (x),t 2 , . . . ,t k ,t k +i, ■ ■ .) dv(t k+ i) dv{t k+2 ) ■ ■ ■ 

= ipk-i (ft 1 (x),t 2 , . . . ,tk) , /xxzZ-a.e. (x,ti,...,t k ). 
28 



We then have ip\ = ipo, fx x z/-a.e.; ip 2 = V'i, A 4 x z^ 2 -a.e.;. . . and so, by induction 

ijj k = = constant, /i x i/ fc — a.e., for every fc > 1. 

However if we identify ^(x, i) with ip k (x,ti, ■ ■ ■ ,tk), then coincides with _E(^|i3 fc ), 
/i x z/°°-a.e. and we have seen in lemma IB~T1 that E(ip\Bk) — ► ^> A* x ^°°-a-e., when 
k — > oo. Hence we have also ^ = constant, /x x i/°°-a.e., and conclude that /x x z/°° is 
S'-ergodic. 

Ergodicity, Birkhoff 's ergodic theorem and the absolute continuity imply that /x = fi^ 
is physical. Indeed /jl(E ((/,)) = 1 by Birkhoff's ergodic theorem, so m(E(jj,)) > by the 
absolute continuity of /x with respect to m. 

We easily deduce that any two physical probability measures /xi,/X2 whose support is 
M. must be equal. 

We notice first that for any given x G M. the union Ufc>^/ fc (x, A) contains A4. This 
is clear since this union is easily seen to be completely invariant, which implies that it 
must contain an invariant domain, so it contains M. by the minimality property. 

Let x G E(fii) fl M. and let y G E{ji 2 ) H M. be a density point of E(/i 2 ) with respect 
to m (it exists since m{E{n<i) fl M.) > 0). By the argument in the previous paragraph 
there are k > K and t such that f k (x,t) = y. 

Property I2.1T 1) ensures that m f h (x, u°°). The choice of y implies that for a given 
rj > and a sufficiently small 6 we have m(B(y,S) fl E(/i 2 )) > (1 — r))m(B(y,5)) > 0. 
Thus / fc (x, z/°°)(£(/x 2 ) D 5)) > 0. 

According to the definition of ergodic basin, this implies that /xi = fi 2 - 

The above arguments prove the existence of a characteristic measure for each minimal 
invariant domain. One extra very usefull property can also be deduced. 

Lemma 7.3 For every stationary ergodic /x we have supp (/x) C -B(/x). 

Proof: We start observing that Hypothesis (A) and Property 12.1( 1) imply that there 
is a £-ball Lebesgue-a.e. inside the basin of /x. Indeed, taking x G B(/i) we know that 
f k (x,t) G B(fi) for all Jfe > 1 and z/°°-a.e. t For k > K let 5 = B(f k (x),£). Then 
-B C int (supp (/x)). By contradiction, if there existed some E C B\ B(/x) with m(E) > 0, 
then because m f k (x,v°°) we would have f k (x,i ,00 )(E) > 0. So we conclude that 
m{B\B(n)) =0. 

For future use set G C°(M,R) such that < <p < l,cp \ (M \ B) = and cp \ 
B(f k (x),^/2) = 1, so there is c > such that fj,(cp) > c. 

Now we know from the arguments prior to the statement of the lemma that every x G 
supp (/x) admits k > 1 and a subset V Xt k with u°°(V X) k) > such that f k (x, V X) k) C -B(/x). 
Fixing x G supp (/x), what we want to show is that 

W = {t: f k (x,t) G E(n) for some fc > 1} 

has full ^°°-measure. Let us suppose that F = A \ W is satisfies v°°(F) > and take 
t G F. Then for k > K the point y = f k (x,t) is in supp (/i) and we may assume that 
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v°°(o~ k F(t, k)) > 1 — c/10 because u°°(F) > and by Lemma \5 .11 Since > c there is 
£ > 1 such that /%, z/°°)(^ > c/2. Hence 

: f k (y, s)e B}f] a k F(t, k)) > 

and h>°° almost every vector in this set sends y in B(fi) which contradicts the definition 
of F. □ 

Along this subsection we have proved 

Proposition 7.4 Given a minimal M. £ T> there is only one physical absolutely contin- 
uous probability measure whose support is contained in M.. Moreover, every x £ M. is in 
the ergodic basin of this characteristic measure. 

8 Decomposition of Stationary Probabilities 

Let /i be a stationary probability. Then supp fi is a c-invariant set. By hypothesis A) of 
theorem [T] we deduce that int (supp/z) ^ 0. 

Let C\, C*2, ... be the connected components of int (supp /i): it is an at most countable 
family of connected sets and int (supp/i) = Uj>iCj. 

Since f t is a diffeomorphism for every t £ T, thus a continuous open map, we deduce 
that each /t(Cj) is a connected open set contained in supp/i, by the c-invariance. Hence 
there is some j = j(i,t) such that ft(Ci) C Cj by openness and connectedness. 

In particular, by the same reasoning, we see that every point in Ci is sent by ft in the 
interior of supp fi for all t £ T and i > 1 . 

We show that j = j(i, t) does not depend on t £ T. 

By contradiction, let us suppose there are i > 1, to an d ti in S such that jo = 
j(i,to) 7^ j(i,ti) = ji and let us fix x £ Cj. We take a continuous curve 7 : [0, 1] — > T 
with endpoints t and ti in B: 7(0) = i an d 7(1) = t\. We know that 

f(x,j(s)) £ int (supp jj) = Uj>iCj for all s £ [0, 1], 

but since f(x, 7(0)) = f(x,t ) £ Cj and /(x, 7(1)) = f{x,t\) £ (7^ with Cj ,Cj x distinct 
connected components of int (supp /x), we conclude there is s £]0, 1[ such that 

f(x, j(s)) £ dCj C 9(supp /i) = supp fj, \ (int (supp fj)), 

a contradiction. So every Ci is sent into some Cj^ by any and the permutation i 1— > j(i) 
does not depend on t £ T. 

We remark, in particular, that if for x £ Ci we have f k (x,t) £ Cj for some j, > 1 
and t £ A, then f k (x, A) C Cj. 

Since /i x z/°°(Cj x A) > (z > 1) Poincare's recurrence theorem guarantees that 
fj, x z/°°-a.e. pair (x,t) £ Cj x A is cu-recurrent with regard to the action of S. By last 
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remark, we see that f k (Ci,A) returns to Cj infinitely often, for every fixed i. Hence, 
again by hypothesis A), each contains a £o-kall. Thus, because M is compact, the 
pairwise disjoint family Ci,C%, ... must be finite and so int (supp /i) = CiU . . . UCi (a 
disjoint union). 

The open sets C\,...,Ci may not be pairwise separated. However, the following 
reflexive and symmetric relation Ci ~ Cj <^ Cj D Cj 7^ 0,(1 < i,j < I) generates 
a unique equivalence relation ~ such that, if Cx,...,C q are the ~-equivalence classes, 
then W\ = UCi, . . . , W q = UC q are pairwise separated open sets. Moreover, these sets 
are interchanged by any f t (t e T) in the same way the C\,...,Ci were, that is, the 
permutation of their indexes by the action of f t does not depend on t. 

The permutation of the indexes of the W±, . . . , W q has a finite number of cycles which 
are a finite collection of pairwise separated open sets satisfying definition 13.31 We have 
proved 

Proposition 8.1 Every stationary measure \x is such that the interior of its support is 
made of a finite number of s-invariant domains. 

Remark 8.1 If fi were ergodic, then lim^oo ^ Y^j=o lwi(ft{ x )) = ^(Wi) > f or f 1 x v °°- 
a.e. (x, t) e M x A and 1 < i < q. So almost every point of W\ U . . . U W q returns to 
Wi infinitely many times. In this case the interior of supp \i is made of a single 
s-invariant domain. 

Let now .Mi, ... , Aih be all the minimal domains inside the s-invariant domains given 
by proposition 18. II (recall section RTT]) . Provisionally we assume the following 

Lemma 8.2 The normalized restriction of a stationary measure to a c-invariant set is a 
stationary probability. 

Let the normalized restrictions be n M .(A) = j^fs • fJ,(AnAti), i — 1, . . . , h, where A is 
any Borel set and n(A4i) > (because Aii is a collection of open sets inside int (supp /u)). 
By proposition 17.41 /i^ must be the characteristic probability of M.^ i = 1, . . . , h. 

Remark 8.2 This means the characteristic probability of each hAi must give zero mass 
to the border dAii, since it coincides with its normalized restriction to the interior of Mi. 

To see that these probabilities are enough to define fi, we consider A = \i — fi(Aii) ■ 
UMi — • • • — n(M.h) ■ HMh- If A ^ 0, then A is a stationary measure (of course, being 
stationary is an additive property) whose support is nonempty. By proposition 18.11 and 
by section IfTD we have some minimal domain Ai in supp A with X(Ai) > 0. But supp A C 
supp n \ {M.\ U . . . M.h) and the M.\, . . . , M. h are the only minimals in supp \i. We have 
reached a contradiction, so A = and we have proved (apart lemma WH§ 

Proposition 8.3 Every stationary probability is a linear finite and convex combination 
of characteristic probabilities. 
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Let us note that these arguments show that supp fi = supp /i^U . . . U supp fiM h an d 
consequently \i{M.\) + . . . + fi{M.h) = 1, that is, the linear combination above is indeed 
convex. 

To end this section we prove the remaining lemma. 

Proof of 18.21 Let \x be a stationary measure and C a c-invariant set. 

We remark that we know every point of C stays in C, but we do not know whether 
points in the complement supp fi\C enter in C by the action of ft- 

First, we show D = supp fi \ C to be almost completely invariant. 

In fact, we may assume fi(D) > (otherwise C = supp/i, /i-mod 0) and write 

< fi(D) = J l D (x) dfi(x) = J J l D (f(x,t))dfi(x) dv(t) 

because \i is ^-invariant. By the invariance of C, x G C =>- f(x, £) G C =>- lo(f(x, £)) = 
for every £ G T and so J J £)) d/x(x) rfi/(£) = J J D ^D(f(x,t)) dfi{x) dv(t). 

Defining D a (t) = {x G £) : G £>} and D 2 (t) = {x G D : /(ar,t) £ £>} for 

t G T, we have //(£>) = jj Di(t)uD2{t) l D {f(x,t))dfi{x)du(t) = f n(D 1 (t)) du(t) > 0, 
where (i(Di(t)) < (jl(D) for every £ G T. Thus fi(Di(t)) = fi(D) for z/-a.e. £, that is, 
f(x,t) G -D for /i x zy-a.e. (x,t) £ D xT. In other words, points outside C almost never 
enter in C. 

Now we know that lc{x) — lc{f(%,t)) for \i x z/-a.e. pair (x, £). Hence, 
(p-l c d(i= / ip(f t (x)) ■ l G (ft(x)) d/i(x) du(t) = / ip(f t (x)) ■ l c (x) d/i(x) dv{t) 



for any y9 G C°(M, IR), that is, the restriction of \x to C is stationary. 
□ 



9 Time Averages and Minimal Domains 

What remains to be done is essentially to fit together previous results. Indeed, sections HI 
and [7| prove items 1 and 2 in the statement of Theorem ^ To achieve the decomposition 
of item 3 we are going to show that every point z G M is sent into some minimal domain 
by z/°°-a.e. perturbation of A and the t/°°-mod partition of A obtained by this property 
satisfies 3a, 36 and 3c, since we already know that m-a.e. point inside a minimal belongs 
to the respective ergodic basin. 

Let z G M and let \i be a stationary probability given by some accumulation point of 
the averages (|13|). By proposition 18.31 we know \x decomposes in the following way 

/j = «i • fix + . . . + a h ■ n h (15) 

where < ax, ■ ■ ■ , ol^ < 1, ax + ■ ■ ■ + ol^ = 1 and fix, ■ ■ ■ , fJ>h are the characteristic proba- 
bilities of the minimals Aii, . . . , Aih, respectively. 
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Decomposition (|15|) and the construction of \i ensure there is, for every % = 1, . . . , h, 
a set Vi C A with z/°°(Vi) > such that there is k G N satisfying f k (z,s) G Mi for every 

§_ e Vi. 

Indeed, ii{Mi) > implies there exist open sets U C U C V C .Mj such that 
> and so G C(M, R) with < <p < 1, supp(/? C 1/ and = 1 satisfies 

= lim — ^2 J (f (p(z,t)) dv°°(t) > 0. Then we have, for some j G N: 

z/°° {t G A : G Mi] > j if {f(z,t)) dv°°(t) > 0. 

Now we claim the sets Vi occupy the entire space A or equivalently (cf. definition I5.3j) 

Proposition 9.1 For every z G M we have GmA z ) U . . . U GmX z ) — A, z/°° — mod 
and GmX z ) H GmAz) — f or every pair 1 < i < j < I where Ai\, . . . ,M.\ are all the 
minimal invariant domain ofD. 

Proof: By contradiction, let us suppose there is V C A with z/°°(V) > such that 

u°°iy n G Mi {z)) = o, % = l, . . . , i (or v c nU# Mi 0z), - mod 0). 

Let t be a V^-generic vector and let u> G a;(z,t). By lemma 15771 we have r\ l i=1 H Mt (w) = 
A, v°° — mod 0, that is, the orbit of w under almost every perturbation never falls in 
MiU...UjM(. Consequently any stationary probability obtained from the orbits of w 
as in section 17.11 will admit a (nontrivial) decomposition (according to proposition 18. 3|) 
fi = fti ■ fli + . . . +/% • fih such that < fti, . . . , flh < 1, (3\ + . . . +(3h = 1 and each fa is the 
characteristic probability of M.^ i = 1, . . . , h, where each of the .Mi, ... , Aih is distinct 
from Mi, . . . , Mi. 

This contradict the supposition that the M\, . . . ,Mi are all the minimal invariant 
domains of D and so such a set V cannot exist. □ 

We now easily derive the continuous dependence of the sets Vi(x) from x G M with re- 
spect to the distance between v°° — modO sets A, B C A given by d u (A, B) = v°° (A/\B) . 

We fix x G M and note that each Vi(x) can be written as 

oo 

Vi(x) = |J V itk (x) where V itk (x) = {t G A : f k (x,t) G Mi}, k>l, (16) 

k=l 

are open and Vi t k(x) C V i fc+1 (x) for all fc > 1 by the complete invariance of Mi, i = 
1, . . . ,/. This implies that for some 5 > we can find k G N such that z/°°(Vi(x) \ 
V5,*o(a:)) < S for all 1 < i < I. 

On the one hand, by the finiteness of ko, property 12. II and the openness of the domains 
that form Mi, we get the existence of 7 > with the property K,fc (2/) — ^i,k ( x ) ^ or an 
?/ G S(x,7). Hence z/°°(^(y)) > v°°(V i)kQ {y)) > v°°{V i>ko {x)) > u°°{Vi{x)) -5 whenever 
dhiiy, x) < 7 and for every i — 1, . . . , I. 
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On the other hand 



^(Vi(y)) = l-v~(V 1 (y))-...-v™(V i _ 1 (y))-v™(V i+1 (y))-...-v™(V h (y)) 

< 1 - u°°{Vi(x)) - u^iV^x)) - v°°(V i+1 (x)) - ... - v°°(V h (x)) + 

+(h-l)-5 
= u °°(Vi(x)) + {h-i)-6 



for all 1 < i < I and continuity follows. 

We are left to show item 3c of theorem Q holds with respect to this decomposition. 
Let us fix 1 < % < I such that v°°(Vi) > 

We note that (jTUjl . the openness of the A4i and the continuity property 12.1( 1) imply 

the Vi(z) to be open subsets of A, that is, for every t G Vi(z) there are k G N and p > 
such that f k (z,B(t,p)) C M.i and so Vi(z) D B(t,p). According to section I7~2l we have 



This means that every s in B(t,p) C K = Vi(z) is such that w = f k (z,s) G E(pi), that 
is, 



lim - y^ip(f j (w, u)) = / cpdfjii for every G C°(M,R) and z/°° - a.e. « G A. 



Since time averages do not depend on any finite number of iterates, item 3c of Theorem 
Q follows and the proof of Theorem ^ is complete. 

Remark 9.1 We note that diffeomorphism in the arguments and definitions of sections^ 
through^ may be replaced throughout by continuous open map. This means Theorem{J\is 
a result of continuous Ergodic Theory and not specific of differentiable Ergodic Theory: 
a C° -continuous and regular family of continuous open maps f t : M — > M, t G B, would 
suffice, i.e., for fixed x G M, t i— > f(x,t) sends Lebesgue measure zero sets into sets of 
m-measure zero. 

Remark 9.2 Hypothesis B) of theorem^ was utilized in very specific points of the proof, 
whereas hypothesis A) was frequently used throughout the arguments. 

Naturally enough, condition B) of theorem^ was used in the derivation of the absolute 
continuity of stationary probability measures for the perturbed system and in the proof of 
lemma \7!% that is, in the proof of ergodicity for a stationary measure p supported in some 
minimal invariant domain M., supp p C A4. 

This was the sole role of hypothesis B) in the proof of theorem^ 

Remark 9.3 The probability v°° defined on A was chosen for simplicity. The property 
of V°° used in the proof of theorem^ was, besides condition B), that every open set of A 
has positive u 00 -measure. This implies that 



Mi C E(pi) and thus {s G Vi(z) : f k (z,s) G E{pi)} D B(t,p). 



(17) 




n-l 



3=0 
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1. any set Y C A with u°°(Y) = 1 is a dense set, Y = A. 
Moreover, because v°° is an uniform measure 

2. for every 5 > there is 7 > such that each set Y C A with u°°(Y) > 1 — 5 is 
^-dense, |J B(y,j) D A. 

y€Y 

These properties were of use in the proof of the fundamental lemmas ( number 2 above ) 
in connection with the general property (0-1 type law) given by lemma \5~l\ and again (now 
number 1 above) in the arguments of the proof of lemma \7~2] 

Any other probability satisfying numbers 1 and 2 above would do for the statement and 
proof of theorem^ 

Remark 9.4 The conclusions of Theorem^ can be obtained with weaker hypothesis in- 
stead of the stated A) and B). 

Indeed, it is very easy to see that the integer N may depend on x in the statement of 
A). Thus it can be replaced by 

A ') There is £0 > such that for all x £ M there exists N = N(x) £ N satisfying 
f k (x, A) D B(f k (x), f ) for all k > N. 

Moreover, B) can be weakened so that the absolute continuity of a stationary probability 
H still holds by allowing f k {x,v ao ) m for some k > 1. If this k does not depend on 
x £ M, then we can still prove Proposition ]! '.J\ in the same way. 

Other weakenings of B) are possible, one such will be of use following section[Tl\ dealing 
with random parametric perturbations near homoclinic bifurcations. 

10 Bowen's Example 

This is the answer to a question raised by C. Bonatti. This example captures the mean- 
ing of Theorem E even if a given deterministic (noiseless) system is devoid of physical 
measures (its Birkhoff averages do not exist almost everywhere) we may nevertheless get 
a finite number of physical probabilities describing the asymptotics of almost every orbit 
just by adding a small amount of random noise. 

Example 5: Bowen's example (see |T2j for the not very clear reason for the name) 
is a folklore example showing that Birkhoff averages need not exist almost everywhere. 
Indeed, in the system pictured in figure 0] Birkhoff averages for the flow do not exist almost 
everywhere, they only exist for the sources S3, S4 and for the set of separatrixes and saddle 
equilibria W = W 1 UW 2 UW 3 UW^U {si, s 2 }. 

The orbit under this flow <p t of every point z £ S 1 x [— 1, 1] = M not in W accumulates 
on either side of the separatrixes, as suggested in the figure, if we impose the condition 
\i\ 2 > ^1^2 on the eigenvalues of the saddle fixed points s x and s 2 (for more specifics 
on this see |T2j and references therein). 
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Figure 4: A sketch of Bowen's example flow. 

We apply Theorem ^ to this case. We remark that M is not a boundaryless manifold, 
but its border S 1 x {±1} is sent by into S 1 x [—1, 1]. Moreover, Theorem ^ refers not 
to perturbations of flows, so we will consider the time one map 0i as our diffeomorphism 
/ : M — ► M and, since M is parallelizable, we can make an absolutely continuous 
random perturbation, as in example 1 of section 12.41 In this circumstances the proof of 
Theorem Q equally applies. 

For everything to be properly defined, though, we must restrict the noise level e > 
to a small interval ]0,eo[ such that the perturbed orbits stay in S 1 x] — 1, 1[. After this 
minor technicalities we proceed to prove 

Proposition 10.1 The system above, under random absolutely continuous noise of level 
e G]0,eo[, admits a single physical absolutely continuous probability measure \i whose sup- 
port is a neighborhood of the separatrixes: int (supp /i) D W . Moreover the ergodic basin 
of fi is the entire manifold: E(p) = M, fi mod 0. 

Proof: Let e g]0, eo[ be the fixed noise level from now on and let U be the ball of radius 
e/4 around Si. We will build fundamental domains for the action of / = <f>\ over M\W 
in U, as explained below. 

We choose two strait lines Zi,Z 2 through si crossing U and let l[,l' 2 be their images 
under <f>\ as sketched in figure 03 Now we choose two points in each line h,h on either 
side of s\. pi,p2,P3 and p±, and consider their orbits under the flow for positive time, 
until they return to U and cut l[, 1' 2 , as depicted in the abovementioned figure. 

The four intersections of the orbit of Pi with the proper lj, lj, together with portions of 
the orbit and of lj, lj define a "square" F { (shadowed in figure EJ) which is a fundamental 
domain for the dynamics of / = <f>\ on the connected components of M \ W, 2 = 1,2,3,4 
and j = 1 or 2. 

This means that every z G M \ W is such that there is a k > 1 with zj~ = f k {z) G 
F = Fi U F2 U F3 U F4. Moreover, by the choice of U, z*. may be sent into any Fj, 
i = 1,2,3,4, by adding to a vector of length smaller than e. Thus we deduce that 
f k (z, A) D F l U F 2 U F 3 U F 4 and even more: f k (z, A) D U. 
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Figure 5: How the fundamental domains are obtained. 

Keeping in mind that for m > 1 we have f k+m (z 1 A) = f m (f k (z.A), A) = {f m (w, A) : 
w G f (z, A)}, we see that f k+m (z, A) will contain all the /-images of each F%, F 2 , F$ and 
F4, which will return to U infinitely many times. Furthermore, at each return the points 
may again be sent into any Fi,F 2 ,F 3 or F 4 by an e-perturbation. Hence the sets of the 
sequence {f n {z, A)}^ =1 contain Fi,F 2 ,F 3 or F4 for infinitely many n's and also all their 
/-images. 

We conclude that u(z, A) contains a neighborhood of W. 

The same holds for w G W, since f l (w,A) is an open set and so contains some 
z G M \ W. That is, every z G M is such that u>(z, A) contains a neighborhood of W. 

Therefore, there can be only one minimal M. in the perturbed system, such that 
M. D W and into which every point z G M finally falls by almost every perturbed orbit 
(this is a consequence of sections I7| IH1 and IHj) . We have further that the characteristic 
probability [im is the physical probability \i of the system, with E{p) = M, \i mod 0, and 
supp n D M. D W, as stated. □ 

11 Homoclinic Bifurcations 

and Random Parametric Perturbations 

We consider arcs (one-parameter families) of diffeomorphisms exhibiting a quadratic ho- 
moclinic tangency and derive similar properties for their random parametric perturbations 
to those stated in Theorem ^ 
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11.1 One-Parameter Families 



The arcs we will be considering are given by a C°° function / : M 2 x] — 1, 1[ — > M 2 
such that for every — 1 < t < 1, ft : M 2 — ► M 2 , x i— > f(x,t) is a diffeomorphism of 
the boundaryless surface M 2 . The family of diffeomorphisms JF = (ft)-i<t<i satisfies the 
following conditions. 

1. T has a /£rs£ tangency at t = 0, that is (v. |PT[ Appendix 5]) 

(a) for t < 0, f t is persistently hyperbolic; 

(b) for t = the nonwandering set fl(fo) consists of a closed hyperbolic set f2(/o) = 
lim^o ^(/t) together with a homoclinic orbit of tangency O associated with a 
hyperbolic fixed saddle point po, so that fi(/o) = ^(/o) U0; 

(c) the branches W+(po), W+(po) of the invariant manifolds W s (po), W u (po) have 
a quadratic tangency along O unfolding generically as pictured in figure El (v. 
|PT| Capt. 3]): O is the only orbit of tangency between stable and unstable 
separatrixes of periodic orbits of /o; 

2. The saddle p has eigenvalues < A < 1 < cr satisfying the conditions for the 
existence of C 2 linearizing coordinates in a neighborhood of (po ; 0) in M 2 x] — 1, 1[ 

(v. HU). 




Figure 6: A sketch of the situation to be considered 

Condition ^ imposes bounds on the region where new accumulation points can appear 
for t > (small) — section fTl. 31 will specify this (cf. |PTt Appendix 5]). 

We note that condit ion |21 above is generic in the space of all C°° one-parameter families 
satisfying^ Moreover, those families that satisfy^are open (cf. [PT, Capt. 3, Appendix 
5] and references therein). 
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11.2 Statement of The Results 

For some small t* > 0, to be explained in the following sections, we fix to g]0, t*[, €q = 
min{|t |, \t* — t \} and the noise level e g]0, £q[. We consider the system f to under a 
random parametric perturbation of noise level e, ^i , e , as defined in section ETT1 We let 
A = A e (io) be the perturbation space [to — e, to + e ] N - 

We will be interested in studying what happens in Q, a closed neighborhood of q to 
be constructed. We need an effective definition of interesting points. 

Definition 11.1 (First Return Times) Given some z G M 2 and t G A we let 

r(z,t, 1) = min{£; > : f k (z,t) G Q} 

and inductively define r(z, t,n + 1) = mm{k > 1 : f^ n )+ k (z,^ G Q} for every n > 1, 
where R(z,t,n) = ^2™ = i'r(z,t,i), with the convention min0 = +oo. 

Definition 11.2 A V-recurrent point is a z G Q for which there exists a V C A 
satisfying 

1. v°°{V) > 0; 

2. r(z,t,n) < oo for every n>l and v°°-a.e. t G V. 

In other words, z G Q is interesting if its perturbed orbits pass through Q infinitely 
often under a positive measure set of perturbations. 

We can now state 

Theorem 2 For every C°° arc of diffeomorphisms as described in subsection \11.1\ and 
any given homoclinic tangency point q associated to the saddle po, there are a closed 
neighborhood Q of q and t* > such that, for each t ,e > satisfying < t < t* and 
< e < e = min{|t |, — to|}> the random parametric perturbation Tt Qfi °f ft with noise 
level e admits a finite number of probabilities fj,x, . . whose support intersects Q and 
that 

1. hi, . . . , Hi are physical absolutely continuous probability measures; 

2. supp Hi H supp Hj = f or all 1 < i < j < I; 

3. for all z G Q and V C A such that z is V -recurrent there are open sets V\ = 
Vi(z), . . . , Vi = Vi(z) C V such that 



(a) Vi n Vj = 0, 1 < i < j < I; 

(b) v°°(V\(V 1 U...UV l )) = 0; 

(c) for all 1 < i < I and v°°-a.e. t<EVi we have 




rc-l 



3=0 
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11.3 Adapting the Linearization 

As preparation for the proof of Theorem El by using Theorem ^ we study the adaptation 
of the linearizing coordinates to our setting. 

Condition El enables us to consider a change of coordinates (pt '■ L C M 2 — ► M 2 in a 
neighborhood L of every p t , where \t\ < t* for some small t* > and 

f t (ip t (x,y)) = ip t (\ t ■ x,a t ■ y) (18) 

with < At < 1 < Ot the eigenvalues of the hyperbolic saddle fixed point p t . These 
coordinates will be adapted much like |PT| p. 49 and Appendix 5]. Specifically, after 
choosing a homoclinic point q associated to p : 

I) we suppose q e W u (po) D W s (po) to be in L — to achieve this we may extend L 
along W s (p ) as explained in |PT| Capt.2]; 

II) we extend L along W u {j>q) in order that r = /q (?) be in L; 

III) we use the implicit function theorem and two independent rescalings of the x- and 
y-axis to get, because of condition ITcl 

(a) q = (1,0), r = (0,1), p t = (0,0) and Wf QC (p t ), W£ c (p t ) are the x- and y-axis, 
respectively; 

(b) ft{0, 1) is a local maximum of the y-coordinate restricted to W u (pt); 

(c) ^- 1 o/ t o^(0,l) = (l,t); 

for every \t\ < t* in the coordinates defined by (p t ; 

IV) writing A the basic set to which p belongs (possibly A = {p } trivially) by 
condition [IB we have W S (A ) = W S (A U O) and W u (A ) = W U (A U O) and there 
exists a filtration ^ M x C M 2 C M such that (v. [PT, Appendix 5, pp. 212-214] 
and cf. [SI Capt. 1]) 

(a) Mi is closed and f (Mi) C int (Af«) for i = 1, 2; 

(b) Mi C int (M 2 ), and 

(c) A uo= (n,>o4(M 2 )) n (n^o/o'fif)); 

V) since Ao is a basic set (of saddle type) there is a small compact neighborhood U of 
A where extensions TC S , TC U of the stable and unstable foliations W S (A Q ), W U (A ) 
are defined (v. |PT1 Appendix 1] and references therein), and by IVc there is A^* e N 
such that 

(a) {nf*Q 1 fi(M 2 )) n (n^- 1 V( M i c )) C UU Q* where Q* C L is a neighborhood of 
the portion of O outside U with finitely many components Qi, Q%, ■ ■ ■ , Qi and 
Q*nU = 0. Moreover we can assume they satisfy /o(Qi) C Q 2 , • • • , fo(Qi-i) C 
Q« withge Q= Qi, ie {1,...,/}; 
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(b) making t* > smaller if need be and Q* and U a little bigger, we get also for 
all ti, . . . , ijv, t[, . . . , t' N G] — £*, t*[ 

(N*-l \ /N*-l \ 

Q 4 °---%(M 2 )J n ^ Q / t 7 1 o...o/ t 7 1 (M 1 c )J =[/UQ* 

and also / tl (Q x ) cQj /^(Qj-i) C Q, for all t x , . . . , G] - t*, 

(c) /t(Mi) C int (M^ for all |i| < i* and i = 1,2; 

(d) A 4 = n ne zft(U) is the analytic continuation of A for all |t| < £*; 

VI) for every closed neighborhood Q G Q G L of q and i* > small we have that 

(a) there is Nq G N such that f ti o . . . o f tl (Q) C L for allti, . . . , U g] - £*, £*[ and 
z = l,...,iV Q ; 

(b) in the neig hborhood 72. = U| t | <t */ t _1 (Q) of r = (0, 1) - we may suppose TZ G L 
by making Q and t* smaller, keeping (a) by increasing Nq — the map f t = 
ip^ 1 o f t o ip t has the form 

(x, l+s/) ' ^ (l + aj/ + 7/ar + fl' 1 (t,z,y) ; /3y 2 + 7 x + t + /J 2 (t, x, y)) (19) 

where a • /3 • 7 7^ 0, i^i is of order 2 or higher and H 2 is of order 3 or higher in 
y and order 2 or higher in x, t and y • t; 

(c) for all \t\ < t* we make /t(0, 1) G int (Q) by taking i* smaller if needed and 
keeping Q and Nq unchanged satisfying (a) and (re)defining TZ as in (6). 

(d) for any given 5q > and all sufficiently small Q and t*, we may keep everything 
up until now increasing Nq and imposing \D 2 Hi\, \D 3 Hi\ < 8 , i = 1,2; 

VII) since all of the above holds for every small (compact) neighborhood Q G Q of q and 
t* > 0, except that Nq increases, we may suppose Q is so small that Nq > N* and 
then make t* so small that item V) holds with Q in the place of Q for some integer 
> A^*. Furthermore writing Q' for this new neighborhood we may suppose that 
A t still is the maximal invariant set inside B(U,p) = U z& uB(z, p) for \t\ < t* and 
B(U, p) n B(Q', p) = for some small p > 0; 

VIII) we may suppose the extended foliations 7i s , TC U , which are defined in a neighborhood 
of po (since p Q G A ), were extended by positive and negative iterations of fo to cover 
all of L. Moreover we may assume also that there are extended foliations 7if,7i" 
defined all over L with respect to ft for every \t\ < £*; 

IX) in a small neighborhood A of TZ given by A = (U ze ,nB(z,^)) \ TZ, £ > small (we 
may think of it as a small annulus around TZ), every point is sent by ft outside of 
U U Q', for every t G T, because U and Q! are separated according to item VII. A 
is open and will be called the nonreturn annulus. 



We note that figure El was made having these items already in mind. 
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11.4 Another Tour of Another Proof 



To begin with, pick a ^-recurrent point z e Q and deal with its generic cu-limit points w, 
which are always regular by the following 

Proposition 11.1 There exists J £ N such that if z £ Q is V -recurrent for some V C 
A = A e (t ) with u°°(V) > 0, then the first return times of w £ u(z,t), for all V -generic 
t, do not depend on s £ A and are bounded by J: 

r(w,s,n) = r(w,n) < J for every n>l. 

Definition 11.3 The points w £ M 2 which satisfy the conclusion of the proposition above 
will be called regular points (with respect to J r t ,e)- 

Taking advantage of the regularity of w, the expression (fT^j) for f t \n and condition [TJ 
we will derive versions of hypothesis A) and B) of Theorem ^ 

Proposition 11.2 Let w £ M 2 be a regular point. Writing r n = r(w,n), n > 1, the 
following holds. 

1. For every s £]t — e, + e [ there is a £ = £o( s ) > such that for all n> 2 

n 

f Rn (w, A) D B(f?»(w),£ ) where R n = ^r,; 

i=i 

2. For alln>2 it holds that f Rn (w, u°°) < m. 

In other words, we get conditions A) and B) of Theorem ^ for the return times of 
w, which do not depend on the perturbation chosen, since w is regular. Behind proposi- 
tion lll.2l is the geometrically intuitive idea of mixing expanding and contracting directions 
near q due to the homoclinic tangency, together with condition^ that keeps the orbits of 
regular points confined in a neighborhood of A U O (v. section IT2*|) . 

This is enough to prove Theorem El 

Indeed, setting K = 2(J + 1) then R 2 = Rziw) < K for every regular point w and 
for k > K there are n > 2 and < % < r n+1 — 1 < J (by proposition 111.1)) such that 
k — Rn + i. After item 1 of proposition 111.21 we have f k (w,A) = f i {f Rn {w, A), A) D 
fi {B{f t f{w),£ )) and since < i < J there is some & > such that 4 M, 6)) 3 
B(f Rn+l (w),^' ) = B(ft o (w),t;' ) because / t is a diffeomorphism. We have hypothesis A). 

For hypothesis B) we let u> and k > K be as above. Then k = R + i with i > 
and R = R 2 = R2(w). We suppose z > 1 for otherwise item 2 of proposition 111.21 does 
the job. We take a measurable set E C M 2 such that m(E) = and observe that 
j/x,^ = u k^ where F = . . . ; G T fc : ti, . . . , t k ) £ E}. 
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Defining for every (t R+1 , ...,t k ) E T % the section F(t R+u . . . , t k ) = {(si, . . . , s R ) E 
T R : (si, . . . , s R , t R+ i, . . . , t k ) E F} we have by Fubini's theorem 



v (F) = v (F) = j v (F(t R+ i, . . . ,t k )) dv l (t R+ x, . . .,t k ). (20) 
However F(t R+1 , . . . , t k ) = {(s u . . . , s R ) E T R : 4 +1 ,..., tfc °/£. .., SR (w) E E} = {(s u . . . , s R ) 

fs^,...,s R ( w ) e (/s!r+i, ...,**) (E)} an d eacn ft is a diffeomorphism, so the inverse image 
of a set of measure zero is a set of measure zero. Hence u R (F(t R+ i, . . . ,t k )) is given by 

f R {w,u°°) = since f R2 ( w ^°°) «™by proposition QTH^). We 

deduce from jUJ) that f R+i (w,v°°)E = f k (w,u°°)(E) = is k (F) = whenever = 0, 

i.e., f h (w, v°°) <C m for every k > K. 

It is clear that Theorem |21 holds by considering (X>, ^) as the set of s-invariant domains 
D = (Uq, . . . Mr-i) with respect to jF to e whose points Uq U . . . U Z^._i are regular points, 
with the same relation ^ as before, and using Theorem ^ 

We should explain how to get the decomposition of item 3 of Theorem|2]for ^-recurrent 
point z E Q. We use two previous ideas: 

(1) Going back to sectional taking a generic w E w(z,t) (i.e., t is ^/-generic) provides a 
stationary probability /i, as in sections [7| and |H1 which decomposes as in (|T5|) and we 
get the sets Vi = {s E A : 3k > 1 s.t. f k (w,s) E M.i} as in item 3 of Theorem [T] 

(2) The previous item together with proposition just says that a ^-recurrent point 
z E Q satisfies lemma ESI i-e., there are W C V with v°°{W) > and m E N such 
that f(j l {z) E A4 for every 9 E W, where M. is some minimal of (T>, ^). We know there 
is just a finite number Aii, . . . , Aii of minimals in (V, z<) and define Vi = Vi(z) = {s E 
V : 3k > 1 s.t. f k (z,s) E Mi}, 1 < i < I. Repeating the arguments of proposition 19. II 
with A replaced by V throughout gives item 3 of Theorem |2] and completes the proof. 



12 Physical Parametric Noise with a Single Param- 
eter 

We start the proof of proposition 111.21 deducing the following consequence of condition [T] 
in section 111.11 and items V and VI. 

Lemma 12.1 For every small t* > and Q and every z E Q recurrent under some 
vector t = (tj)j° =1 with \tj\ < t* , j > 1, i.e., such that uj(z,t) D Q ^ 0, the following holds 

f j (z,t) E L for < j < Nq and f j (z,t) E U U Q* for j > N Q . (21) 

Proof: We let z E Q C U U Q* C M2 H Mf be a recurrent point under t as stated, and 
suppose that p(z,t) ^ U U Q* for some j > N*. Then by item Vb it must hold 

JV*-1 N*-l 

f(z,t)E |J / t .o...o4_ i (M 2 c ) or f j (z,t)E [j f f \ o . . . n /; 1 ( .U ; ). 

4 = 1=0 
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Since z G U U Q* C M 2 we have by item Vc that f l {z,t) G M 2 for every 2 > 0. Hence 
only the right hand side alternative above can hold, otherwise we would have for some 
< i < N* - 1 that 4.0. . .of ti (z) G ^o. . .04.^ (M|) and so /^o. . .o/ 4l (z) G M 2 C with 
j — i — 1 > because we took j > N*, a contradiction. But then we get f t o . . .0 f tl (z) g 
4+! °- • •°4+ l ( M i) ; i-e-, f j+i (z,t) G Mi, and item Vc says f j+i+k (z,t) G Mi for all k > 
with Q C (7 U Q* C Mf. That is, u;(z, t) R Q = 0, contradicting the choice of z and t. 

We have show (|21j) to hold for j > N*, since Q* C L. However, by item Via, we know 
f j (z,t) G L for 1 < j < N Q , where N Q > N* by item VII. □ 

Remark 12.1 The arguments above show that if we replace N* by N and assume Q = Q 
as in item VII, then writing Q' for this new neighborhood of the portion of O outside U , 
we may ensure under the same conditions of lemma Vl2.1\ that f^(z,t) G U U Q! for all 
3>N. 

This confinement property in turn implies 

Lemma 12.2 For every given bo > 0, cq > and a > 1 there are 

• a sufficiently small compact neighborhood Q C Q* C L of q, and 

• a small enough t* > 

such that Nq of item Via be big enough in order that whenever 

• v e T Z0 M 2 with z G Q; 

• t — (tj)°^ 1 is a sequence satisfying \tj\ < t* , j > 1, and 

• there is k G N such that Nq < k < 00 is the first integer satisfying ft(z) G IZ; 
then we have 

1. slope (t> ) > c =^ slope (Dfj i (zo)v ) > bo and 

2. \\Dfl(z )v \\ ><t\\v \\, 

where \\ ■ \\, the maximum norm on L C M?, and the slope are to be measured in the 
linearizing coordinates given by (fo : L — > M 2 . 

In other words, every vector sufficiently away from the tangent directions of 7i s at 
Q will keep pointing away from Ti, s when it first arrives at TZ, i.e., there are no folds in 
between by the action of f t . 

Proof: By items I through VII of section H 1 . HI there is an expanding cone field C u defined 
over U U Q* U L respected by all f t with \t\ < t* outside of TZ. It may be seen as a cone 
field centered around the tangent vectors to H u , and we may assume that vectors in C u 
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at points of L have slope > b , since 7i u is given by x = cord, in the domain L of the 
coordinate chart <p - 

We let vq G T zo M 2 , z G Q, t and Nq < k < oo be as in the statement of the lemma. 
If slope (vq) > Co, then by Via it holds that zn q = ft Q ( z o) G £ and vn q = Df t q (zo)vq G 
C u (zn q ). Indeed by flTS|) we have slope (fjv Q ) > -slope (vo), where C ~ cfqXq 1 > 1, and 
ATq may be taken sufficiently big according to item VI, by shrinking Q and t*. Likewise 
we may arrange for ||i>jv Q || > <r||t?oII t° hold. 

If k = Nq, then the lemma is proved. Otherwise we can write Zk = ft{ z o) — 

fl~ NQ {zN Q ) G K where s = a k ~ N n_ and v k = Dtf{z )v = Dfs~ NQ (z NQ )v NQ . More- 
over, lemma 112. H the construction of C u and the definition of k > 1 as the first iterate 
to arrive at 1Z together imply that the iterates vn q , • • • , Ufc-i, Vk are all in the respective 
cones of C u , and therefore slope (vk) > b and \\vk\\ > \\vn q \\ > Hl^oll- D 

Now for the effect of the tangency in Q, recalling that the slope and norm are measured 
in the <po coordinates. 

Lemma 12.3 Given ( > there is bo > such that for all sufficiently small compact 
neighborhoods Q of q and small t* > it holds for every \t\ < t* that 

zeTZ,v G T Z M 2 1 ( slope (Df t (z)v) < Q and 

and slope (v) > b J \ \\Df t (z)v\\ > ^ ■ ||«||. 

Proof: We take z G 1Z, v G T Z M 2 and £ > 0. By the differentiability of ipt with respect 
to t we know that f t = </?o 1 o f t o cp has the same local expression (fTTJj) as f t . We may 
suppose (po(z) — (z,y + 1) and Dip (v) = (vi, v 2 ) and derive from (fTTJj) that 

slope (D(p~ 1 (f t (x,y + l))Df t (x,y + l)(t>i,t> 2 )) = 
[2py + D 3 H 2 (t, x, y)} ■ v 2 + [7 + ggjfrft, S, 2/)] ; m 
[a + D 3 ifi (t, I/)] ■ f 2 + [p + D 2 Hi(t, x, y)] ■ v\ 



\2{3y + D z H 2 {t,x,y)\ + \ 1 + D 2 H 2 {t,x,y)\- 


\vi/v 2 \ 


| \a + D 3 Hi(t,x,y)\ - | 


p + D 2 H l (t,x,y)\ ■ | 


vi/v 2 \ 1 



If slope (vi, v 2 ) > bo then we can write 

< \20y + DMt, x, y) | + \j + £> 2 ff 2 (t, x, y) | ■ b, 1 
~ I |a + D 3 -Hi(*,a:,j/)| - \p + D 2 H 1 (t,x,y)\-bo l \' 

We easily see that if bo is big enough and £ > in item VI is small enough, then 
since a ■ [3 ■ 7 7^ the last quotient approximates |2/3?/|/|a| = 1 2/3ct~ 1 1 ■ \y\, which can be 
made smaller then any positive ( > by shrinking 1Z via taking Q and t* > smaller. 
Moreover making the compact neighborhood Q of q and t* > smaller just enables #0 to 
be smaller, so we are safe. 
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The denominator in the last quotient has a modulus bigger than 



| \a+ D z Hi(t,x,y)\ ■ \v 2 \ - \p + D 2 H 1 (t,x,y)\ ■ |%| | > 

> \v 2 \ ■\\a + D 3 Hi(t,x,y)\ -\p + D 2 Hi(t,x,y)\ ■ \vx/v 2 \ \ 

> \\(v 1} v 2 )\\ ■ I \a + DzH x {t,x,y) \ - \p + D 2 H x (t, x, y)\ ■ b 1 \ 

> ^•Il(^1^2)|| 

since a^O and \D 3 Hi\, \D 2 Hi\ and b$ 1 may be made very small. Also \v 2 \ = max{|ifi|, |t> 2 |} 
because we may take |t>2/Vi| > &o > 1- This provides the result on the norm. □ 

We let to, e > be such that \t\ < t* and e < min{|t|, \t* — to\} as in the statement of 
Theorems [IJ arid El and observe the following. 

Remark 12.2 Expression \19\j for j t \Ti implies there are Iq,t] > such that the smooth 
curve c z : T = [t — e, t + e] — > M 2 , t \— > f(z, t) has slope > r\ and velocity > l at every 
point c z {t) independently of z eTZ and t G T. 

If we make ( = rj/3 we get, by lemma H'2.3\ a bo > such that this lemma holds for 
all sufficiently small Q and t*. Setting Cq = rj and using the bo just obtained, lemma IT 2. 21 
holds for every sufficiently small t* and Q. We note that (|2"TJl of lemma fT2. 11 on which both 
lemmas 112.21 and 112.31 rest, still holds if we shrink Q and t* and, moreover, lemmas 112.21 
and 112.31 are independent of each other. 

Hence there are a compact neighborhood Q of q and t* > such that both lemmas \l2.2\ 
and \12.& hold with some bo > and co = f],( = r l/3>0- 

We are now ready for the 

Proof of 111.21 We let w E Q be a regular point with respect to , e according to 
definition II 1.31 and pick some t G A = A e (t ) and n > 1. Then w n = f Rn (w,t) G Q and 
z = /- Rn_1 (u;,t) g 1Z. Moreover since w is regular, its perturbed orbits 0(w,s) have the 
same return times to Q independently of s G A, and so c z is a smooth curve in Q with 
slope > Co = r] and speed > Iq- 

Setting s = a r H_ then c = /J^ 1 " 1 o c z : t G T h-> f r ^-\c z {t),t rn+u ■ ■ ■ ,t r „ +1 _i) is a 
curve in TZ with slope > b and speed > cr ^o by lemma IT2~2l whereas, by lemma IT2~3l f u oc 
is a curve in Q with slope < ( = rj/3 and speed > ^^o^o f° r all u G T = [t — e, t + e ]- 

The regularity of w implies u) = f(c(t),u) to be such that $(t, m) G f Rn+1 (w, A) C 
Q for every (t, u) G T x T. In short we have 

slope (£>!$) < rj/3 ^ f slope (D 2 $) > 77 2 



£>1$|| >Tfc-<T k 1 p2$|| >/ 

Noting that D<& is the derivative of f Rn+1 (w, .) with respect to the R n th and R n+ \th 



coordinates at £, we have Z)$ = Dji n ^ n+1 f R " +1 (w,t) : M. 2 — > T Wn+1 M 2 is a surjection for 



every t G A. We conclude that f Rn+1 : A — > M 2 , t h-> f Rn+1 (w,t) is a submersion. This 
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Figure 7: The iterations in the proof of proposition 111.21 



immediately gives ITTT2T 2) by definition of f Rn + 1 (w, because the inverse image by a 
submersion preserves sets of measure zero. 

Making t — (s, s, s, . . .) £ A for some s £ T, since the bounds in (l2*2*jl do not depend 
on t, we deduce from f Rn+1 (w,A) D $(T x T) that there is £ = £o(s) > such that 
f Rn+1 (w, A) contains a ball of radius £o around $(s, s) = f Rn+1 (w) as stated in 111.2( 1). 
□ 

13 Regularity of Limit Points 

Let z £ Q be V^-recurrent with i/°°(V) > and let t be a V^-generic vector and w £ t). 

Claim 13.1 If some 9 £ A ta£;es w to Q after k > 1 iterates, then every other if £ A 
mwst c?o t/ie same. 

Indeed, if > 1 and # £ A are such that f k {w,6) £ Q and there is £ A such that 
f k (w,ip) £" Q, then we must have f k ~ 1 (w,9) £ 7£ and f k ~ 1 (w,(p) 1Z. 

By connectedness of T fc_1 and continuity of f k (v. property 12. 1J) there must be ■?/> £ A 
such that f k ~ 1 (w, ip) £ ^4. Since ^4 is open and w £ with t ^-generic, we may find 

for small 5 > a n £ N (according to lemma I5.2J1 such that for every s £ V satisfying 
d(s,t) < 5, d M (f n (z,s),w) < 5 and d(a n s,'ip) < 5 it holds that / n+ * -1 (;z, s) £ A, and so 
f n+k (z,s) £ ([/ U <2') c . Moreover, these points form a set of positive z/°°-measure. 

According to remark 112.11 (the n above can be made arbitrarily big, bigger than N in 
particular), those s cannot define a perturbed orbit 0(z,s) with infinitely many returns 
to Q, which contradicts the assumptions on z and V. 

The previous arguments readily prove 

Claim 13.2 The orbit of w under any 9 £ A cannot fall outside of U U Q . 

Claim 13.3 If some 9 £ A keeps the orbit O(w,0) inside U for all kth iterates with 
k > ko, then every other tp £ A must do likewise. 
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In fact, if 9 G A is such that f k (w,9) G U for all k > k Q for some ko G N and there 
are k\ > fco and </? G A such that f kl (w,tp) G" Z7, then by the connectedness of T kl , 
property 12.11 and the separation between U and Q' given by item VII, there is if) G A 
satisfying f kl (w, ip) G (UU Q') c . We may now repeat the arguments proving the preceding 
claim. 

For w G u)(z,t) with t a ^-generic vector we have the following alternatives: 

1. w returns to Q a finite number of times only under every 9_ G A; 

2. w never passes through Q under every 9 G A; 

3. w returns to Q infinitely often and r(w,s,n) = r(w,n), s G A, n > 1. 

Since u> cannot get out from U n Q' by claim 113.21 alternatives 1 and 2 imply that 
the orbits of u> stay forever in U after some finite number of iterates or never leave U, 
respectively. For our purposes it is enough to suppose w G u>(z,f) PI Q. 

13.1 Finite Number of Returns 

First we eliminate alternative 1. By claims IT3.1I and fl3.3l the return times to Q and the 
iterate after which the orbits remain forever in U do not depend on the perturbation 
vector. 

Let tq G N be the last return iterate of w to Q under every 9 G A. The point 
w is like a regular point up to iterate ro and so the arguments in section El show that 
f r °(w, A) contains a curve c with slope > r\ and speed > Iq at every point. So its length 
is > 2e ■ l Q = a > and since w G u(z,t), no orbit is allowed to leave U U Q! . Hence 
f k (c, A) C U for aU k > I. In particular, c k = f k (c) = f k (c,t_o) C U, k > 1. 

According to the previous section, after A^q iterates curve c will have all its tangent 
vectors in C u and keep them this way for all iterates onward, because C U for all k > 1. 
Since C u is a field of unstable cones, the length of c& will grow without bound with 
being an unstable curve always inside U. 

This is a contradiction, since U is a small neighborhood of a hyperbolic set A to of 
saddle type which is the maximal invariant set inside U. 

13.2 No Returns 

Let w be as in alternative 2. Consequently f k (w) G Z7 for all k > 1. Since A to is 
the maximal invariant set inside [/, we deduce that if 7" is a small segment of TC^ (w) 
centered at w, then it is not possible that f k A^( u ) C Z7 for all > 1. Likewise if we 
replace U by B(U,p), by item VII. Hence, writing 7", 7" the two segments such that 
7" U 7" = 7 n and 7" fl 7^ = {w}, there are fc± > 1 and nonempty intervals J + C 7", 
J_ C 7^ sa tisfying f j(I ± ) C B (U, p) for 1 < i < k and /£ +1 (/±) C (B(U^j U B (Q> , p)) c 
- because B(U,p) fl B(Q', p) = and by connectedness of 7^ (v. figure EJ). 
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Let x G I± and y G 7i s tQ (x). Then we have dM{ft { x )i ft (y)) < C^ k d>M(%,y) where 
1 > A > | Ai| for |t| < t*. So every y G Hf Q (x) with du^.y) < C^ 1 \" k ■ p/2 satisfies 
fNy)e(UUQ'y. 




Figure 8: The situation near w and the image of I± 

Geometrically this means that near w there are two strips B± made of "HI -leaves with 
length C~~ 1 \~ ■ p/2 and whose intersection with 7" is I± (cf. figure |HJ. 

Making 7" small and k big we can make the length of B± big and the distance to 
w small. The angle between leaves in B± and 7" is near a straight angle in the ip to - 
coordinates of L D Q3 w, since the slope of TC^ is near 0. 

Let ni < n 2 < n 3 < ■ ■ ■ be such that Zj = f n:i (z,t) — > w when j — > 00. We 
define Cj : T — > L, u 1— >■ / M (/ nj ~ 1 (-2 ; , the perturbation curve through ^- and observe 
that either 5 + or 5_ intersects Cj(T) in a segment of positive length > ai > 0, since 
slope (c^-(m)) > 77 and the length of Cj is > a > 0, for all u G T and j > 1. 

This means there is a segment of length > a 2 > in T such that Cj(Sj) C £>± and 

thnsf t k +1 ( Cj (S,))c(UUQr. 

According to lemma 15.31 for every < 7, 5 < 1 we can find k G N such that for all 
j > k we have v(p n .V n .- i(t, rij — 1, s)) > 1 — 5 for a positive measure set V n -\ C V and a 
set of s G A with z/°°-measure > 1— 7. Hence, since k is fixed, we may find for j big a s G A 
very close to to = (t , to, • • •) (taking 7 > small) such that v{SjC[p nj V nj -.\(t, rij— 1, s)) > 
and4 fc+1 ( C:; (^))c(t/UQ') c - " 

We have shown that inside V there is a positive measure set whose perturbation vectors 
send z into (U U <2') c after + k + 1 iterates, where j (and n,) may be made arbitrarily 
big. This contradicts the assumption of ^/-recurrence on z, since those perturbed orbits 
will never again return to Q. Alternative 2 is thus impossible. 

13.3 Bounded First Return Times 

The points w G u(z,t) D Q with t a V^-generic vector satisfy alternative 3. Going back to 
the arguments in subsection 113.11 we have an unstable curve c in f k (w,A) whose length 
cannot grow unbounded. Therefore it must leave U and go to Q (since w no orbit may 
leave U U Q!) after a finite number or iterates bounded by some J G N. We observe 
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that since the length of c is > 2e • Iq and the diameter of 7Z is finite, we must have 
(2e/ ) • o J « diam(ft). 

This proves proposition 111.11 and Theorem |21 

Remark 13.1 VFe may drop the first tangency condition of subsection M 1 . I\ if we strengthen 
definition \11.2\ of V -recurrent point by adding the following item 

3. for u°°-a.et e V there is n = n{t) > 1 s.t. f k (z,t) E U U Q for all k > n; 

where U is a fixed neighborhood of the basic set po belongs to and Q a neighborhood of the 
piece of the orbit of tangency outside U. 

Lemma \l2.1\ is now needless and the rest of the proof is unchanged. The scope of the 
theorem is enlarged and next section shows how this extra condition on V -recurrence is 
not too restrictive. 

14 Infinitely many attractors 

We start with the particular case of perturbations of sinks. 

Definition 14.1 We say f G Diff l (M), I > I, has a perturbation of a sink in a finite 
collection (Wo, . . . Mr-i) of pairwise disjoint open sets of M if there exists a neighborhood 
V of f in Diff l (M) such that, for every continuous arc Q = {gt}teB C V with g = f, the 
following holds: 

1. gt(Ui) C U {i+n) modr for every n>l,teB N and < % < r - 1 ; 

2. there is a constant (3 > such that for every point i 6 Wj, < i < r - 1, every 
v G T X M \ {0} and every teB N it holds that 

limsup — log \\Dg™(x) ■ v\\ < — /3; 

3. with the notation introduced at definition \5.2\ we have 

diam (u (Uj, A £ (0)) nUt) — > when e -> 0+ 

for every < % < r — 1 . 

[Where B = B~\0, 1) and A e (0) = (I?(0,e)) N as in subsection^. 

Next proposition characterizes this kind of invariant domains. 

Proposition 14.1 Let f be a C l diffeomorphism of M, I > 1. Then f has a hyperbolic 
sink So with period k > 1 if, and only if, f has a perturbation of a sink in a neighborhood 
(W , . . -Mr-i) of the orbit s , s 1 = f(s ), . . . , s P _i = / r_1 (s ) of s . 
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Proof: First some results that locate the limit points near a perturbed sink. 

If So G M is a hyperbolic sink for / with period r, then for some < Ai < 1 every 
eigenvalue A G C of Df r (s ) satisfies |A| < Ai. Moreover, given some Ai < v < 1 there are 
5 > and a neie. hborhood V of / in Diff l (M) - both may be made arbitrarily small - such 
that each eigenvalue A G C of Dg r (x) satisfies |A| < v for every g G V and x G B(so, 6). 
Consequently 

d M (g r (x),g r (y)) < v ■ d(x, y) for every x, y G B(s , 5) and g G V. (23) 

So, writing Sj = /*(s ), we see that (W = S(s Q ,5), . . . ,W r _i = B(s r _i,5)) is a finite 
collection of pairwise disjoint (we may take 5 < | min{d^(s l -, Sj) : 0<i<j<r — 1}) 
open sets of M that satisfies conditions 1 and 2 of definition 114. II 

To get condition 3 we have the next 

Lemma 14.2 Let Q = {gt}tei C V be some continuous arc in Diff l (M) with g = f. Let 
Pi — { s i{t) '■ t G B} be the set of analytic continuations of the orbit O(sq) of the sink Sq 
with respect to g t , t G B. 

If we fix x G Ui, < i < r — 1, and t G A, then we have 

v 

duiy, Pj) < ■ maxjdiam (P k ) : < k < r — 1}, 

for every y G lo(x, t) D Uj, j = 0, . . . , r — 1. 

Proof: This is an easy consequence of ()23j) . □ 

We now know that u(x, t) C B(P, 7) where 7 = ■ maxjdiam {Ph) : < h < r — 1} 
and, since sq is an hyperbolic sink for / = go, we have 

diam ({s h (t) : t G 5 J (0, e)}) — > when e — ► 0+ 

by the structural stability results for such attractor. 

Therefore item 3 holds for (U , . . . Mr-i) constructed above and we have shown that 
in a neighborhood of the orbit of every hyperbolic sink there is a perturbation of sink. 

Conversely, let us suppose / has a perturbation of a sink in some collection (U , . . . , U r -\) 
of pairwise disjoint open sets and take Q = {gtjtei as i n definition 114.11 Then we will 
have by definition ui(Ui, A ei (0)) C u(Ui, A £2 (0)) for every small < e\ < e 2 and every 
< % < r — 1 . Property 3 of definition 114.11 now ensures there is a point so such that 
{s } = n e> o[u(Uo, A e (0)) fl Uq] since ou(Uo, A e (0)) is a closed set. 

Writing = (0, 0, . . .) then G A e (0) and u(s ,0) C lu(U , A e (0)) for every e > 0. Thus 
{so} = uj(sq, 0) fl Uo = Uf(so) fl Uq. Considering the dynamics induced in (Wo, . . . Mr-i) 
by the arc Q we see that Uf(so) = {so, ■ ■ ■ , s r _i} where Si = / l (so), i = 0, . . . , r — 1. 

Since the limit is /-invariant, we have f r (so) = sq and found a r-periodic orbit of /. In 
addition, property 2 of definition 114. II guarantees that for each v G M = {u G T S0 M : 
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\\u\\ = 1} such that v is an eigenvector of Df r (so) corresponding to the eigenvalue A G C 
(using the complexification of Df r (s ) : T So M — > T So M if need be) the following holds 



and so sp(D f r (so)) C {z G C : \z\ < 1}. Hence So, ■ ■ ■ , s r _i is the orbit of an hyperbolic 
sink for /. 



14.1 Newhouse's and Colli's Phenomena 

Let us suppose the family / satisfying the conditions specified in subsection 111.11 is also 
in the conditions of Newhouse's theorem (cf. \N1[ IN2j and jPTj ) on the coexistence of 
infinitely many sinks, that is, p is a dissipative (|det Df (p )\ < 1) saddle point. 

We may now choose a parameter a > such that f a has infinitely many hyperbolic 
sinks in Q. Moreover a > may be taken arbitrarily close to zero (see |PT[ Capt. 6]) 
and thus all the results of previous sections apply to the present setting. 

Let N be some positive integer and let us pick N distinct orbits of hyperbolic sinks 
for f a in Q: O(s^), % = 1, . . . , N. Since they are hyperbolic attractors, they are isolated: 
there exist pairwise disjoint - even separated - open neighborhoods V, of O(s^), i = 
l,...,N. Moreover, by the previous subsection, we may construct a perturbation of a 
sink inside each Vi associated to 0(s^') with respect to an arc T aMi for some £j > 0, and 
every 1 < % < N. 

We now observe that a perturbation of a sink obviously is, in particular, a completely 
and symmetrically invariant domain. Specifically, each perturbation of a sink constructed 
in is a completely and symmetrically invariant domain with respect to the arc T aM , 



Hence, setting eo = min{ei, . . . , e^}, we have eo > and the former invariant domains 
are also completely and symmetrically invariant with respect to the arc T a ^ for every < 
e < eo- Then, by subsection 16.11 there is a minimal domain Aij inside each perturbation 
of a sink Vi, for every 1 < i < N and noise level < e < e . 

We have thus constructed iV distinct minimal invariant domains in Q for the arc JF a e 
for every < e < eo and proved 

Proposition 14.3 Given an arc T as in subsection M 1 . 1\ where po is a dissipative saddle 
point, for every parameter a > sufficiently close to zero such that f a has infinitely many 
sinks in Q, we have the following. 

For every N G N there exists €q > such that, for every < e < e^, the number of 
minimal invariant domains in Q for the arc T a ^ t is no less than N. 




□ 



i = 



1,...,N. 



We now remark that what enables us to build an invariant domain in a neighborhood 
of a sink is the fact that it is attractive: given any neighborhood U of the orbit of a 
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sink So, ... , s r _i there is another neighborhood V C V C U of the same orbit such that 
f(V) C V (a trapping region). By continuity, this persists for any diffeomorphism g close 
to / and hence we get an invariant domain. 

In jH] E. Colli shows how to have infinitely many Henon-like attractors when generi- 
cally unfolding an homoclinic tangency under the same conditions of Newhouse's theorem. 
These attractors are separated like the infinity of sinks in the Newhouse phenomenon and 
each one admits a trapping region according to |BM| and jVj. Specifically, the construc- 
tions described in [C] can be carried out verbatim within a restricted set of parameter 
values having this property, without altering the statements of any theorem in that paper. 

Consequently we may state and prove a proposition analogous to 114.31 replacing sink 
by Henon-like attractor in the paragraphs above. 

15 Some Conjectures 

The methods used in this paper are prone to generalization. We propose some here. 

(1) Is there some similar result to Theorem for flows? The kind of perturbation to 
perform is part of the question. 

(2) In section El a characterization is given for invariant domains originating from a per- 
turbation of a sink. Is there some similar characterization of an invariant domain 
obtained by a perturbation of an Henon-like strange attractor? 

(3) The same question regarding perturbations of elliptic islands. This is more subtle: we 
may ask whether there is some invariant domain near an elliptic island. 

(4) We did not look at what happens to the physical probabilities when the noise level 
e > tends to zero. Does the limit exist? If it does then it must be an /-invariant 
probability measure. Is it an SRB-measure? 

(5) Globally what can we say about the stochastic stability of the infinitely many Dirac (in 
Newhouse's phenomemon) or SRB (in Colli's phenomenon) measures in a neighborhood 
of a homoclinic tangency point? Here a global notion of stochastic stability is required, 
see e.g. |V2j : if fa are the SRB measures of / (i — 1, 2, . . .), time averages of each 
continuous ip along almost all random orbits should be closed to the convex hull of the 
J ipdfa for small e > 0. 
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